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The soft-gluon approximation, which implies that radiated gluon carries away a small fraction of
initial parton’s energy, is a commonly used assumption in calculating radiative energy loss of high
momentum partons traversing QGP created at RHIC and LHC. While soft-gluon approximation
is convenient, different theoretical approaches reported significant radiative energy loss of high p⊥
partons, thereby questioning its validity. To address this issue, we relaxed the soft-gluon approxi-
mation within DGLV formalism. The obtained analytical expressions are quite distinct compared
to the soft-gluon case. However, numerical results for the first order in opacity fractional energy loss
lead to small differences in predictions for the two cases. The difference in the predicted number
of radiated gluons is also small. Moreover, the effect on these two variables has an opposite sign,
which when combined results in almost overlapping suppression predictions. Therefore, our results
imply that, contrary to the commonly held doubts, the soft-gluon approximation in practice works
surprisingly well in DGLV formalism. Finally, we also discuss generalizing this relaxation in the
dynamical QCD medium, which suggests a more general applicability of the conclusions obtained
here.
PACS numbers: 12.38.Mh; 24.85.+p; 25.75.-q
I. INTRODUCTION
One of the main assumptions in the radiative energy
loss calculations of energetic parton (in the further text
referred to as jet) traversing the QGP medium, is the
soft-gluon approximation which assumes that radiated
gluon carries away a small portion of initial jet energy,
i.e. x = ω/E  1, where E is the energy of initial jet
and ω is the radiated gluon energy.
Such assumption was widely used in various energy
loss models: i) in multiple soft scattering based ASW
model [1–3]; ii) BDMPS [4, 5] and BDMPS-Z [6, 7]; iii)
in opacity expansion based GLV model [8, 9] and iv) in
multi-gluon evolution based HT approach [10, 11], etc.
These various energy loss models predict a significant
medium induced radiative energy loss, questioning the
validity of the soft-gluon approximation. To address this
issue, a finite x (or large x limit) was introduced in some
of these models [12, 13] or their extensions [14]. How-
ever, introduction of finite x lead to different conclusions
on the importance of relaxing the soft-gluon approxima-
tion, which was assessed from relatively small [14], but
noticeable, to moderately large [13].
The soft-gluon approximation was also used in the de-
velopment of our dynamical energy loss formalism [15–
17], specifically in its radiative energy loss component.
This formalism was comprehensively tested against an-
gular averaged nuclear modification factor RAA [18, 19]
data, where we obtained robust agreement for wide
range of probes [17, 20], centralities [21] and beam en-
ergies [20, 22], including clear predictions for future ex-
periments [23, 24]. This might strongly suggest that our
energy loss formalism can well explain the jet-medium
interactions in QGP, making this formalism suitable for
the tomography of QCD medium.
However, the soft-gluon approximation obviously
breaks-down for: i) intermediate momentum ranges (5 <
p⊥ < 10 GeV) where the experimental data are most
abundant and with the smallest error-bars, and ii) gluon
energy loss, since due to the color factor of 9/4 gluons
lose significantly more energy compared to quark jets,
therefore questioning the reliability of our formalism in
such cases. Due to this, and for precise predictions, it
became necessary to relax the soft-gluon approximation,
and consequently test its validity in dynamical energy
loss formalism.
This paper presents our first step toward this goal.
Since the dynamical energy loss is computationally very
demanding, we will, in this study, start with relaxing this
approximation on its simpler predecessor, i.e. DGLV [25]
formalism. Within this, we will concentrate on gluon jets,
since, due to their color factor, the soft-gluon approxima-
tion has the largest impact for this type of partons. For
the gluon jets, we perform the radiative energy loss cal-
culation, to the first order in the number of scattering
centers (opacity), where we consider that the radiation
of one gluon is induced by one collisional interaction with
the medium.
Our calculation is done within the pQCD approach
for a finite size, optically thin QCD medium and since
it is technically demanding – it will be divided in several
steps: i) First, the calculation will be done in the simplest
case of massless gluons in the system of static scattering
centers [26] within GLV, ii) Then it will be extended
towards the gluons with the effective mass [27], which
presents expansion of DGLV [25] toward larger loss of jet
energy via radiated gluon, and iii) Finally, we will discuss
the impact of finite x on the radiative energy loss, when
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2dynamical medium [17] (i.e. a recoil with the medium
constituents) is accounted.
In that manner we will assess the validity of the soft-
gluon assumption for gluon jets, and this will also provide
an insight into whether or not a finite x has to be im-
plemented in quark-jet radiative energy loss calculations
within our formalism. Namely, if the relaxation of the
soft-gluon approximation only slightly modifies gluon-
jet radiative energy loss, then even smaller modification
would be expected in quark-jet case, thus making this
relaxation redundant. Otherwise, if the effect of a finite
x appears to be a significant in gluon-jet case, then the
relaxation in quark-jet case may also be required, and
would represent an important future task.
Secondly, as stated above, the relaxation of the soft-
gluon approximation is needed in order to extend the
applicability of our model [17] towards intermediate mo-
mentum region. Thus, the another benefit of this re-
laxation would be to extend the p⊥ range in which our
predictions are valid.
The sections are organized as follows: In section II, we
provide the theoretical framework. In section III, we out-
line the computation of the zeroth order in opacity gluon-
jet radiative energy loss in static QCD medium, beyond
soft-gluon approximation, in the cases of both massless
and massive gluons. For x  1 the results from [9, 25]
are reproduced.
Section IV contains concise description of relaxing the
soft-gluon approximation in calculating the first order in
opacity radiative energy loss for massless gluon jet in
static QCD medium. In a limit of very small x result
from [9] is recovered.
In section V we explain the computation of the first
order in opacity gluon-jet energy loss in static QCD
medium, with effective gluon mass [27] included, and be-
yond soft-gluon approximation. This presents an exten-
sion of the calculations from [25] toward finite x, so that
results from [25] can be recovered in x  1 limit. The
detailed calculations corresponding to sections III - V are
presented in the Appendices C-J.
In section VI we outline the numerical estimates based
on our beyond soft-gluon calculations for gluon jet and
the comparison with our previous results from [25], i.e.
the results with soft-gluon approximation. Particularly,
we investigate the effect of finite x on gluon-jet fractional
radiative energy loss, number of radiated gluons, frac-
tional differential radiative energy loss (intensity spec-
trum), single gluon radiation spectrum and gluon sup-
pression [28]. Conclusions and outlook are presented in
section VII.
II. THEORETICAL FRAMEWORK
In this work, we concentrate on relaxing soft-gluon ap-
proximation in calculating the first order in opacity ra-
diative energy loss of high p⊥ eikonal gluon jets within
(GLV) DGLV [25] formalism. That is, we assume that
high p⊥ gluon jet is produced inside a ”thin” finite QGP
medium at some initial point (t0, z0,x0), and that the
medium is composed of static scattering centers [26].
Therefore, we model the interactions in QGP assuming a
static (Debye) colored-screened Yukawa potential, whose
Fourier and color structure acquires the following form
([9, 25, 26]):
Vn = V (qn)e
iqnxn = 2piδ(q0n)v(~qn)e
−i~qn·~xn
×Tan(R)⊗ Tan(n), (1)
v(~qn) =
4piαs
~q2n + µ
2
, (2)
where xn denotes time-space coordinate of the n
th scat-
tering center, µ is Debye screening mass, αs = g
2
s/4pi is
strong coupling constant, while Tan(R) and Tan(n) de-
note the generators in SU(Nc = 3) color representation
of gluon jet and target (scattering center), respectively.
For consistency with [9, 25], we use the same nota-
tion for 4D vectors (e.g. momenta), which is described
in detail in Appendix A and proceed throughout using
Light-cone coordinates. The same Appendix contains al-
gebra manipulation and identities for SU(Nc) generators,
as well as the Feynman rules, used in these calculations.
The approximations that we assume throughout the
paper are stated in Appendix B.
The small transverse momentum transfer elastic cross
section for interaction between gluon jet and target par-
ton in GW approach [8, 26] is given by:
dσel
d2q1
=
C2(G)C2(T )
dG
|v(0,q1)|2
(2pi)2
, (3)
where q1 corresponds to transverse momentum of ex-
changed gluon, C2(G) represents Casimir operator in ad-
joint representation (G) of gluons SU(Nc = 3) with di-
mension dG = 8, whereas C2(T ) denotes Casimir opera-
tor in target (T) representation.
Since this formalism assumes optically ”thin” plasma,
the final results are expanded in powers of opacity,
which is defined as the mean number of collisions in the
medium: L/λ = Nσel/A⊥ [9], where L is the thickness
of the QCD medium, λ is a mean free path, while N
denotes the number of scatterers (targets) in transverse
area A⊥. Note that, we restrict our calculations to the
first order in opacity, which is shown to be the dominant
term ([29, 30]).
III. ZEROTH ORDER RADIATIVE ENERGY
LOSS
To gradually introduce technically involving beyond
soft-gluon calculations, we first concentrate on massless
gluons traversing static QCD medium.
We start with M0 Feynman diagram, which corre-
sponds to the source J that produces off-shell gluon with
3momentum p+k, that further, without interactions with
QCD medium, radiates on-shell gluon with momentum
k and emerges with momentum p. We will further re-
fer to these two outgoing gluons as the radiated (k) and
the final (p) gluon. Note that, both in this and con-
secutive sections that involve interactions with one and
two scattering centers, we consistently assume that ini-
tial jet propagates along the longitudinal z axis. The
detailed calculation of M0 for finite x in massless case is
presented in Appendix C, with all assumptions listed in
Appendix B.
We also assume that gluons are transversely polarized
particles and although we work in covariant gauge, we
can choose any polarization vector for the external on-
shell gluons [14], so in accordance with [9, 14, 25] we
choose nµ = [0, 2,0] (i.e. (k) · k = 0, (k) · n = 0
and (p) · p = 0, (p) · n = 0). Likewise, we assume
that the source has also the physical polarization as real
gluons [14] (i.e. (p + k) · (p + k) = 0, (p + k) · n = 0).
Thus, for massless gluon’s momenta we have:
p+ k = [E+, E−,0], k = [xE+,
k2
xE+
,k],
p = [(1− x)E+, p
2
(1− x)E+ ,p], (4)
where E+ = p0 + k0 + pz + kz, E
− = p0 + k0 − pz − kz
and due to 4-momentum conservation:
p+ k = 0. (5)
The polarization vectors read:
i(k) = [0,
2i · k
xE+
, i], i(p) = [0,
2i · p
(1− x)E+ , i],
i(p+ k) = [0, 0, i], (6)
where i = 1, 2, and we also make use of Eq. (5). So, the
amplitude that gluon jet, produced at x0 inside QCD
medium, radiates a gluon of color c without final state
interactions reads:
M0 = Ja(p+ k)e
i(p+k)x0(−2igs)(1− x+ x2) · k
k2
(T c)da.
(7)
The radiation spectrum is obtained when Eq. (7) is sub-
stituted in:
d3N (0)g d
3NJ ≈ Tr
〈|M0|2〉 d3~p
(2pi)32p0
d3~k
(2pi)32ω
, (8)
where ω = k0, and where d
3NJ reads:
d3NJ = dG|J(p+ k)|2 d
3~pJ
(2pi)32EJ
. (9)
Here EJ = E = p0 + k0 and ~pJ denotes energy and 3D
momentum of the initial gluon jet, respectively. Note
that E retains the same expression for other diagrams as
well. The jet part can be decoupled by using the equality:
d3~p
(2pi)32p0
d3~k
(2pi)32ω
=
d3~pJ
(2pi)32EJ
dxd2k
(2pi)32x(1− x) , (10)
which is obtained by substituting pz, kz → pJz , xE. Fi-
nally, energy spectrum acquires the form:
xd3N
(0)
g
dxdk2
=
αs
pi
C2(G)
k2
(1− x+ x2)2
1− x , (11)
which recovers the well-known Altarrelli-Parisi [31] re-
sult.
We now briefly concentrate on generating result in
finite temperature QCD medium, since in [27], it was
shown that gluons in finite temperature QGP can be ap-
proximated as a massive transverse plasmons with mass
mg = µ/
√
2, where µ is the Debye mass. In this case,
M0 amplitude becomes:
M0 = Ja(p+ k)e
i(p+k)x0(−2igs)(1− x+ x2)
×  · k
k2 +m2g(1− x+ x2)
(T c)da, (12)
leading to:
xd3N
(0)
g
dxdk2
=
αs
pi
C2(G) k
2
(k2 +m2g(1− x+ x2))2
× (1− x+ x
2)2
1− x . (13)
IV. FIRST ORDER RADIATIVE ENERGY LOSS
IN MASSLESS CASE
In accordance with [25], we compute the first order
in opacity radiative energy loss of gluon jet for finite x
starting from the expression:
d3N (1)g d
3NJ =
( 1
dT
Tr
〈|M1|2〉+ 2
dT
ReTr 〈M2M∗0 〉
) d3~p
(2pi)32p0
d3~k
(2pi)32ω
, (14)
4where M0 corresponds to the diagram without final state
interactions with QCD medium, introduced in previous
section, M1 is the sum of all diagrams with one scattering
center, M2 is the sum of all diagrams with two scattering
centers in the contact-limit case, while dT denotes the di-
mension of the target color representation (for pure gluon
medium dT = 8). In obtaining the expression for differ-
ential energy loss, we again incorporate Eqs. (9) and (10)
in Eq. (14).
The assumption that initial jet propagates along z-
axis, takes the following form in the two cases stated
below:
1. One interaction with QCD medium (M1):
p+ k − q1 = [E+ − q1z, E− + q1z,0], (15)
where p+k−q1 corresponds to the initial jet, while
k and p retain the same expressions as in Eq. (4),
with the distinction that now p 6= −k, since due to
4-momentum conservation, the following relation
holds:
q1 = p+ k; (16)
The rest of the notation is the same as in Eq. (4).
2. Two interactions with QCD medium (M2):
p+ k − q1 − q2 = [E+ − q1z − q2z, E− + q1z + q2z,0],
(17)
where p+ k − q1 − q2 corresponds to the initial jet
and qi = [qiz,−qiz,qi] to exchanged gluons, i = 1, 2
with q0i = 0, while p, k retain the same expressions
as in Eq. (4). Also, due to 4-momentum conser-
vation, the following relation between gluon trans-
verse momenta holds:
p+ k = q1 + q2, (18)
which in the contact-limit case (when q1 +q2 = 0)
reduces to p+ k = 0.
Note that Eq. (16) has to be satisfied for M1 diagrams
in order to claim that initial jet propagates along z-axis,
i.e. for M1 diagrams p+ k is different from 0. This is
an important distinction between the calculations pre-
sented in our study, and the calculations done within
SCET formalism (see e.g. [14]), where p+ k = 0 was
used in calculation of both M1 and M2 diagrams, though
the assumption that initial jet propagates along z-axis
was used in that study as well.
The transverse polarization vectors i(k) and i(p) for
both: M1 and M2 amplitudes are given by the same ex-
pression as in the previous section (with an addition that
in M1 case: p 6= −k, as discussed above), while  for ini-
tial jets consistently has the same form as in Eq. (6),
i.e. i(p + k − q1) = [0, 0, i] for M1 amplitudes, and
i(p+ k − q1 − q2) = [0, 0, i] for M2 amplitudes.
The detailed calculation of the remaining 10 Feyn-
man diagrams, under the approximations stated in Ap-
pendix B, contributing to the first order in opacity ra-
diative energy loss, is given in Appendices D-H, whereas
thorough derivation of the single gluon radiation spec-
trum beyond soft-gluon approximation in massless case
is given in Appendix I and reads (energy loss expression
can be straightforwardly extracted by using dE(1)/dx ≡
ωdN
(1)
g /dx ≈ xEdN (1)g /dx):
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2
( 4x(1−x)EL )
2 + (k− q1)4
(
2− k · (k− q1)
k2
− (k− q1) · (k− xq1)
(k− xq1)2
)
+
k2
( 4x(1−x)EL )
2 + k4
(
1− k · (k− xq1)
(k− xq1)2
)
+
( 1
(k− xq1)2 −
1
k2
)}
, (19)
where we assumed a simple exponential distribution
2
Le
−2∆z
L of longitudinal distance between the gluon-jet
production site and target rescattering site, emerging as
( 4x(1−x)EL )
2 in the denominators of the integrand. Beside
facilitating the calculations, this assumption is in accor-
dance with [8, 25, 29, 32], which allows direct compari-
son of our results with the corresponding (GLV) DGLV
results. Specifically, as the calculations from this paper
present a generalization of the previous GLV (DGLV) ob-
taining toward finite x, in the soft-gluon limit they should
5recover GLV (DGLV) results. To this end, note that,
Eq. (19) reduces to massless case of Eq. (11) from [25] in
the x→ 0 limit, as expected.
Additionally, we tested the robustness of all results
from this manuscript, by taking into account the alter-
native (opposite) assumption of uniform distribution of
scattering centers (as done in [15, 16]). The same results
with the respect to the importance of soft-gluon approx-
imation are obtained, i.e. the conclusions presented in
this manuscript are robust to the presumed longitudinal
distance distribution (formulas and data shown in Ap-
pendix K).
It is straightforward to show that our result is sym-
metric under the exchange of radiated (k) and final (p)
gluon, as expected beyond soft-gluon approximation, and
due to inability to distinguish between these two identical
gluons.
V. GLUON RADIATIVE ENERGY LOSS IN
FINITE TEMPERATURE QCD MEDIUM
Next, we note that in ultra-relativistic heavy ion col-
lisions, finite temperature QCD medium is created, that
modifies the gluon self energies, and can consequently
significantly influence the radiative energy loss results.
It is therefore essential to include finite temperature ef-
fects in gluon radiative energy loss calculations beyond
soft-gluon approximation, which is the main goal of this
section. To address this issue, we note that in [27], it
was shown that gluons can be approximated as massive
transverse plasmons with effective mass mg (for gluons
with the hard momenta k & T ) equal to its asymptotic
value. The assumption of initial jet propagating along
z-axis, for massive case, leads to the following form of
momenta, in the three cases stated below:
1. No interaction with QCD medium (M0):
p+ k = [E+, E−,0], k = [xE+,
k2 +m2g
xE+
,k],
p = [(1− x)E+, p
2 +m2g
(1− x)E+ ,p], (20)
where Eq. (5) holds;
2. One interaction with QCD medium (M1):
k and p retain the same expressions as in Eq. (20),
with addition that (as in the previous section)
Eq. (16) holds due to conservation of 4-momentum,
while initial jet has the momentum of the same
form as in Eq. (15).
3. Two interactions with QCD medium (M2):
p, k have the same expressions as in Eq. (20). Also,
due to 4-momentum conservation Eq. (18) holds
and in the contact-limit case reduces to p+ k = 0,
while initial jet momentum retains the same form
as in Eq. (17).
The transverse polarization vectors remain the same
as in the massless case.
We retain all approximations from the previous sec-
tion, which are reviewed in Appendix B, and recalculate
the same 11 diagrams from Appendices C-H, also beyond
soft-gluon approximation. The overview of all intermedi-
ate results is contained in Appendix J. Thus, Eq. (19) in
the massive case acquires more complex form given by:
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2 + χ
( 4x(1−x)EL )
2 + ((k− q1)2 + χ)2
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
k2 + χ
( 4x(1−x)EL )
2 + (k2 + χ)2
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
(k2 + χ)2
)}
, (21)
where χ = m2g(1−x+x2). It can easily be verified that, in
the soft-gluon limit, we recover Eq. (11) from [25] (note
that for gluon jet M ≡ mg, so that the term M2x2 from
[25] should be neglected), and that in the massless limit
Eq. (21) reduces to Eq. (19).
To our knowledge, this result presents the first in-
troduction of effective gluon mass beyond-soft-gluon-
approximation radiative energy loss. Additionally, we
again verified that single gluon radiation spectrum is
symmetric to substitution of p and k gluons, as necessary
(see the previous section and Appendix J). Furthermore,
note that the analytical form of Eq. (21) is quite different
from the corresponding expression with the soft-gluon ap-
proximation (Eq. (11) from [25]). In the next section, we
will evaluate the extent of numerical differences to which
these two different analytical expressions lead.
In particular, we are interested in what is the effect of
finite x on gluon fractional radiative energy loss (∆E
(1)
E ),
number of radiated gluons (N
(1)
g ) and on the suppres-
6sion (RAA). We accordingly note that
dE(1)
dx ≡ ω
dN(1)g
dx ≈
xE
dN(1)g
dx from which we can further straightforwardly nu-
merically evaluate ∆E
(1)
E , as well as the number of radi-
ated gluons (N
(1)
g ).
VI. NUMERICAL RESULTS
We next assess how the relaxation of soft-gluon approx-
imation modifies gluon-jet energy loss to the 1st order in
opacity. We consequently compare the predictions based
on the results derived in this paper, with the one ob-
tained in the soft-gluon limit from [25] (applied to gluons)
- the comparison is done for gluons with effective mass
mg = µ/
√
2, where µ =
√
4piαs(1 + nf/6)T and nf = 3
is the number of the effective light-quark flavors. For all
figures, we use the following set of parameters: constant
αs =
g2s
4pi = 0.3, L = 5 fm, λ = 1 fm and T = 300 MeV,
to mimic standard LHC conditions.
The comparison of the fractional radiative energy loss
∆E(1)
E , for calculations beyond the soft-gluon approxima-
tion, and with the soft-gluon approximation, as a func-
tion of initial jet transverse momentum (p⊥) is shown
in Fig. 1 (a); note that in this manuscript we concen-
trate on mid-rapidity jets in relativistic heavy-ion colli-
sions, where gluons energy is approximately equal to their
transverse momentum, due to negligible effective gluon
mass compared to the transverse momentum. More
specifically, the curve corresponding to beyond soft-gluon
approximation (bsg) case is obtained from Eq. (21) mul-
tiplied by xE and integrated over x, while the curve
corresponding to soft-gluon approximation (sg) case is
obtained by numerically integrating Eq. (11) from [25].
These two curves almost overlap, even converge towards
one another at higher p⊥. Note that, the upper limit of x
integration is equal to 1/2 instead of 1, in order to avoid
double counting. The upper limits of integration for |k|
and |q1|, determined kinematically, are 2x(1 − x)E and√
4ET , respectively [25].
The comparison of number of radiated gluons in bsg
and sg cases is presented in Fig. 1 (c). These two curves
also nearly overlap, with a slight disagreement at higher
p⊥.
Quantitative assessment of relaxing the soft-gluon ap-
proximation on these two variables can be observed in
Figs. 1 (b) and (d). We see that finite values of x slightly
increase fractional radiative energy loss by maximum of
∼ 3% up to p⊥ ≈ 10 GeV compared to sg case. After-
wards, the difference between bsg and sg ∆E
(1)
E steeply
decreases towards 0%. Additionally, finite x also de-
creases number of radiated gluons for a small amount
(up to 5%) compared to sg case for very low transverse
momenta. Further the relative difference reaches a peak
of −2% also at p⊥ ≈ 10 GeV, and for higher transverse
momenta remains nearly constant somewhat below −2%.
Consequently, the overall conclusion from Fig. 1 is that
the effect on both variables is small and with opposite
signs.
The effect of finite x value is further assessed on the
fractional differential radiative energy loss ( 1E
dE(1)
dx =
x
dN(1)g
dx ), and on single gluon radiation spectrum (
dN(1)g
dx )
and it’s relative change. These effects are shown as a
function of x in Fig. 2, for different values of initial jet
transverse momentum p⊥; bsg curves for 1E
dE(1)
dx are ob-
tained from Eq. (21) multiplied by x, whereas sg curves
correspond to Eq. (11) in [25]. From Fig. 2, we observe
a small difference between bsg and sg results for x . 0.3
(roughly up to 0.4), i.e. for smaller x, as expected. We
also recognize x ≈ 0.3 as a ”cross-over” value, below
which fractional differential radiative energy loss and sin-
gle gluon radiation spectrum are somewhat lower in bsg
compared to sg case, and above which the opposite is
true. At high value of x, i.e. 0.4 < x ≤ 0.5, the dif-
ferences between our bsg fractional differential radiative
energy loss and previously obtained sg [25] ascend to no-
table values (∼ 50%) and increase with increasing p⊥.
To investigate the effect of relaxing the soft-gluon ap-
proximation on the single gluon radiation spectrum in
more detail, the third column is added in Fig. 2, i.e.
Figs. 2 (c), (f) and (i) (see also Fig. 3), showing relative
change of
dN(1)g
dx . This quantitative estimation (difference
smaller than 10% for x . 0.4) is in agreement with the
previous discussion. In particular, at higher x values,
there is a notably larger spectra in bsg compared to sg
case, and this difference enhances (up to 60% at p⊥ = 50
GeV) with increasing p⊥. Nevertheless, for both vari-
ables: ( 1E
dE(1)
dx and
dN(1)g
dx ) bsg and sg cases lead to similar
results for x . 0.4.
The effect of relaxing the soft-gluon approximation on
single gluon radiation spectrum for different transverse
momentum values of initial gluon jet is further addressed
in Fig. 3. We observe that a notable, that is, tenfold in-
crease of p⊥ leads to a modest increase (less than 25%)
of
dN(1)g
dx in bsg compared to sg case. Note that the same
dependence is obtained for ( 1E
dE
(1)
bsg
dx )/(
1
E
dE(1)sg
dx )− 1 (since
1
E
dE(1)
dx = x
dN(1)g
dx , so that x cancels when taking the rela-
tive ratio). Therefore, we conclude that the relaxation of
the soft-gluon approximation has nearly the same effect
on
dN(1)g
dx and
1
E
dE(1)
dx (across the whole x region) inde-
pendently on p⊥ of the initial jet.
Although we showed that relaxing the soft-gluon ap-
proximation has small numerical impact on both inte-
grated (∆E
(1)
E , N
(1)
g , across the whole x region) and dif-
ferential ( 1E
dE(1)
dx ,
dN(1)g
dx , up to x ≈ 0.4) variables, the dif-
ference between bsg and sg cases can go up to 10% (and
with different signs), and moreover can be quite large for
x > 0.4. This, therefore, leads to a question, how the
relaxation of the soft-gluon approximation affects pre-
dictions for measured observables, such as the angular
averaged nuclear modification factor RAA [18, 19]. Com-
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FIG. 1: The effect of relaxing the soft-gluon approximation on integrated variables to the 1st order in opacity of DGLV
formalism, as a function of p⊥. (a) Comparison of gluon’s fractional radiative energy loss without (the solid curve) and
with (the dashed curve) soft-gluon approximation. (b) The relative change of the radiative energy loss when the soft-gluon
approximation is relaxed with respect to the soft-gluon limit. (c) Comparison of number of radiated gluons without (the
solid curve) and with (the dashed curve) soft-gluon approximation. (d) A percentage of radiated gluon number change when
soft-gluon approximation is relaxed.
paring RAA with and without soft-gluon approximation
allows assessing how adequate is this approximation in
obtaining reliable numerical predictions.
To that end, we next concentrate on generating the
predictions for bare gluon RAA, based only on radiative
energy loss, with and without soft-gluon approximation.
RAA is defined as the ratio of the quenched A+A spec-
trum to the p + p spectrum, scaled by the number of
binary collisions Nbin:
RAA(p⊥) =
dNAA/dp⊥
NbindNpp/dp⊥
. (22)
In order to obtain gluon quenched spectra, we use generic
pQCD convolution [33]:
Efd
3σ(g)
dp3f
=
Eid
3σ(g)
dp3i
⊗ P (Ei → Ef ), (23)
where Eid
3σ(g)
dp3i
denotes initial gluon spectrum, which is
computed according to [34, 35], while P (Ei → Ef ) de-
notes radiative energy loss probability, which includes
multi-gluon [29] and path-length [33] fluctuations. In ac-
cordance with [29], the multi-gluon fluctuations are in-
troduced under the assumption that the fluctuations of
the gluon number are uncorrelated, and therefore pre-
sented via Poisson distribution. Specifically, the energy
loss probability takes into account that the jet, during
its propagation through QGP, can independently radiate
number of gluons (for more details on the implementation
procedure, please see ref. [29]).
Regarding the path-length fluctuations, we take into
account that jets can be produced anywhere in the nu-
clei overlapping area, can go in any direction, and con-
sequently travel different distances (and lose different
amounts of energy) in QGP. The path length probability
is calculated according to the procedure described in [19],
where one assumes the Glauber model [36] for the colli-
sion geometry, with implementation of Woods-Saxon nu-
clear density [37].
Note that we omitted fragmentation and decay func-
tions, because we are considering the parton’s quenching,
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FIG. 2: The effect of relaxing the soft-gluon approximation on differential variables to the 1st order in opacity of DGLV
formalism, as a function of x. The comparison of: i) fractional differential gluon radiative energy loss ((1/E) × (dE(1)/dx));
ii) single gluon radiation (spectrum) distribution in momentum fraction (dN
(1)
g /dx) between bsg (the solid curve) and sg (the
dashed curve) case, for different values of initial jet transverse momenta (5 GeV, 10 GeV, 50 GeV, as indicated in panels) is
shown in the first ((a), (d) and (g)) and second ((b), (e) and (h)) column, respectively. The relative change of the single gluon
radiation spectrum with respect to soft-gluon limit is shown in (c), (f) and (i).
as we are primarily interested in how the relaxation of
the soft-gluon approximation in energy loss affects RAA.
Thereupon, we will also investigate how the initial gluon
distribution influences RAA.
Therefore, Fig. 4 (a) compares RAA predictions with
and without soft-gluon approximation accounted, while
the percentage change arising from relaxing the approx-
imation is given by Fig. 4 (b) as a function of the fi-
nal p⊥. We observe that this relaxation barely modifies
RAA, in particular the relative change drops to some-
what less than −1% at p⊥ ≈ 10 GeV and further rises
to the constant value of 2%, with increasing p⊥. This
very good agreement (with even smaller differences com-
pared to previously studied variables) between bsg and sg
RAA raises questions of: i) why relaxing the soft-gluon
approximation has negligible effect on RAA and ii) why
the large discrepancy observed in Figs. 2 and 3 for high
x values does not lead to larger difference in RAA?
Regarding i) above, we argue that this pattern is ex-
pected, as it is well-known that in suppression calcula-
tions both ∆E
(1)
E and N
(1)
g non-trivially affect the RAA.
Namely, by comparing Figs. 1 (b) and (d) with Fig. 4
(b) we observe that relaxing the soft-gluon approxima-
tion has opposite effects on ∆E
(1)
E and N
(1)
g , while their
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FIG. 3: The effect of relaxing the soft-gluon approximation
on dN
(1)
g /dx for different p⊥ values. The relative change of
the single gluon radiation spectrum with respect to soft-gluon
case, calculated to the 1st order in opacity of DGLV formal-
ism, for different values of initial p⊥ (as indicated in the leg-
end) is depicted as a function of x. The curves fade as trans-
verse momentum increases.
interplay is responsible for the negligible effect on RAA -
i.e. the effect on RAA is qualitatively a superposition of
the effects on ∆E
(1)
E and N
(1)
g .
To answer ii) above, it is convenient to recall that sup-
pression of gluon jet (see Eq. (23)) depends not only on
the energy loss probability, but also on the initial gluon
distribution. In order to intuitively interpret the role of
the initial gluon distribution, we refer to a descriptive
Fig. 5, which represents its dependence on initial trans-
verse momentum. The concept considered is the follow-
ing: Some parent gluon with unknown initial momentum
traverses QGP, loses its energy by gluon bremsstrahlung,
and emerges with final momentum p⊥ = 30 GeV. This
final gluon can descend from the parent gluon with any
p⊥ higher than its own, but we restrict ourselves to 5 dif-
ferent initial momenta, corresponding to different frac-
tional momentum loss x ∈ {0.1, 0.2, 0.3, 0.4, 0.5}. For
instance, x = 0.5 corresponds to initial gluon momen-
tum of 30/(1 − 0.5) GeV = 60 GeV, i.e. to the parent
gluon that lost half of its momentum etc. The question
is which of these 5 gluons is the most likely to be the par-
ent one, and how is this probability correlated with x?
From Fig. 5 we infer that, due to the exponentially de-
creasing initial gluon momentum distribution, the initial
gluon corresponding to x = 0.1 has the highest proba-
bility to be the parent one, and as x increases the prob-
ability sharply decreases (i.e. for x & 0.4 it diminishes
for 2 orders of magnitude compared to the x = 0.1 case).
Thus, based on initial distribution, the main contribution
to the suppression predictions comes from x . 0.4 region,
making this region the most relevant one for differentiat-
ing between bsg and sg RAA. In this region, bsg and sg
dN(1)g
dx (and equivalently
1
E
dE(1)
dx ) curves are very similar
(according to Figs. 2 and 3), which intuitively explains
nearly overlapping RAA in Fig. 4. Also, the relevant x
region qualitatively resolves the issue of why the large
inconsistency between these curves at higher x does not
affect RAA.
Note however that we cannot simply reject the x >
0.4 region in the suppression calculations, since non-
negligible
dN(1)g
dx contribution to RAA (see Figs. 2 (b), (e)
and (h)) comes from it. Therefore, for reliable suppres-
sion results, one has to take into account the entire x
region, while from the above analysis, we claim that only
x ≤ 0.4 region is relevant for studying the importance
of soft-gluon approximation. In order to support this in
more rigorous way, we compared suppressions obtained
from bsg expression for the entire x ≤ 0.5 region, with re-
sults obtained from bsg expression for x ≤ 0.4 combined
with sg expression for x > 0.4. As expected from the dis-
cussion presented in the previous paragraph, we obtained
that these two approaches lead to almost the same results
(with negligible differences), confirming that the region
above x = 0.4 is not relevant for the importance of soft-
gluon approximation (data shown in Appendix L for two
scenarios).
Additionally, the effect of relaxing the soft-gluon ap-
proximation on
dN(1)g
dx and
1
E
dE(1)
dx is practically insensi-
tive to initial transverse momentum (see Fig. 3), which
is the reason why finite x affects equivalently gluon RAA
regardless of it’s transverse momentum, as observed in
Fig. 4.
Finally, we also recalculated our finite x results, when
running coupling αs(Q
2), as defined in [38], instead of
constant value αs = 0.3, is introduced in radiative en-
ergy loss formula. The obtained predictions lead to
the same conclusions as obtained above (and are con-
sequently omitted), which supports the generality of the
obtained results.
VII. CONCLUSIONS AND OUTLOOK
The main theoretical goal of this paper was to investi-
gate what effect relaxing of the soft-gluon approximation
has on radiative energy loss, and consequently on sup-
pression, which depends only on initial distribution and
energy loss of high-momentum parton in QGP. Particu-
larly we chose high p⊥ gluon, as due to the color factor
of 9/4 compared to the quarks, this assumption affects
gluons the most. To this end, we analytically calculated
all Feynman diagrams contributing to the first order in
opacity radiative energy loss beyond soft-gluon approx-
imation, first within GLV [9] (massless case), and later
within DGLV [25] (massive case), formalism, and numer-
ically predicted: fractional integrated and differential en-
ergy loss, number of radiated gluons, single gluon radi-
ation spectrum and gluon’s suppression. Unexpectedly
we obtained that, although the analytic results signifi-
cantly differ from the corresponding soft-gluon results,
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FIG. 4: The effect of relaxing the soft-gluon approximation on gluon nuclear modification factor RAA versus p⊥. (a) The
suppression of gluon jet beyond soft-gluon approximation (the solid curve) is compared to soft-gluon RAA (the dashed curve)
as a function of transverse momentum. (b) Quantification of the effect and its expression in percentage.
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FIG. 5: The role of initial gluon distribution in constrain-
ing relevant x region. The solid black curve represents initial
gluon distribution as a function of p⊥ at the LHC [34, 35].
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momentum, while dotted arrows link parent gluons, that lost
momentum fraction equal to x, with their corresponding ini-
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the numerical predictions are nearly indistinguishable,
i.e. within few percents. We then explained that, due to
exponentially decreasing initial gluon distribution, only
x . 0.4 region effectively contributes to the differences
between bsg and sg integrated variable predictions. We
also showed that negligible suppression change is due to
an interplay between the finite x effects on: i) fractional
energy loss and ii) number of radiated gluons, that have
opposite sign. The presented comparisons are done un-
der the assumption of fixed strong coupling constant, but
also tested with running coupling leading to the same
conclusions. Since we showed that gluon quenching in
QCD medium composed of static scattering centers is
not affected by the soft-gluon assumption, quark radia-
tive energy loss is even less likely to be notably altered,
though this remains to be further tested.
This, to our knowledge, presents the first opportunity
to assess the effect of relaxing the soft-gluon approxima-
tion on radiative energy loss within DGLV formalism.
Some other radiative energy loss formalisms, which also
imply static scatterers, generated their results on a fi-
nite x. However, contrary to the conclusions derived for
these formalisms, where significant difference in the ra-
diative energy loss was obtained, we found that relaxing
soft-gluon approximation brings negligible change to the
results. Consequently, this implies that, within DGLV
formalism, there is no need to go beyond the soft-gluon
approximation. Furthermore, we also obtained that the
conclusions regarding the importance of the soft-gluon
approximation are robust to the presumed longitudinal
distance distribution of the scattering centers.
Based on the results of this paper, we also expect that
the soft-gluon approximation can be reliably applied to
the dynamical energy loss formalism, as implicitly sug-
gested by the previous robust agreement [17, 20–22] of
our theoretical predictions with a comprehensive set of
experimental data. In particular, the effective cross sec-
tion v(q) (which corresponds to interaction between the
jet and exchanged gluon) [39] does not depend on x, so
introduction of finite x will not affect this term. We also
expect that the rest of the energy loss expression (i.e.
f(k,q, x), which corresponds to interaction between the
jet and radiated gluon [39]) will be modified in the similar
manner as in the static case, since when x→ 0, these two
expressions coincide. However, relaxing the soft-gluon
approximation in dynamical energy loss model is out of
the scope of this paper, and this claim still remains to be
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rigorously tested in the future.
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Appendix A: Notations and useful formulas
In this paper we used the following notation for vectors,
in consistency with both [9, 25]:
• ~p denotes momentum 3D vector
• p denotes transverse momentum 2D vector
• pz denotes component of momentum vector along
the initial jet
• p = (p0, pz,p) = [p+, p−,p] denotes momentum 4D
vector in Minkowski and Light Cone coordinates,
respectively, where p+ = p0 + pz and p
− = p0− pz.
For simplicity, we here consider QCD medium con-
sisting of static partons and model the interactions of
the gluon jet with the medium via static color-screened
Yukawa potential, whose Fourier and color structure ac-
quires the following form ([9, 26]):
Vn = V (qn)e
iqnxn = 2piδ(q0n)v(~qn)e
−i~qn·~xn
×Tan(R)⊗ Tan(n), (A1)
v(~qn) =
4piαs
~q2n + µ
2
, (A2)
where xn denotes space-time coordinate of the n
th scat-
terer (target), Tan(R) and Tan(n) denote generators in
SU(Nc = 3) color representation of jet and target, re-
spectively, while µ is Debye screening mass and αs =
g2s/4pi is strong coupling constant. In the following lines
we will briefly display the identities and algebra that
SU(Nc = 3) generators meet:
Tr(T a(n)) = 0, (A3)
Tr(T a(i)T b(j)) = δijδ
abC2(i)di
dG
, (A4)
where dG = 8 is the dimension of the adjoint represen-
tation (G). We assume that all target partons are in the
same dT dimensional representation (T ) with Casimir op-
erator C2(T ), while the gluon jet is in the adjoint repre-
sentation (G), with Casimir operator C2(G).
In SU(Nc = 3) color algebra, the following identities
hold as well:
[T a, T b] = ifabcT c, (A5)
while in the adjoint representation we have:
(T b)ac = if
abc, (A6)
T a(G)T a(G) = C2(G)I, (A7)
where I denotes identity matrix of dimension dG and the
SU(Nc = 3) structure constants f
abc are completely an-
tisymmetric to indices permutations, which we frequently
apply. In the adjoint representation the following equal-
ities also stand:
C(G) = C2(G) = Nc = 3, (A8)
Tr(T a(G)T a(G)) = dGC2(G). (A9)
And finally, in our computations we frequently make use
of the fact that trace is invariant under cyclic permuta-
tions and that generators are Hermitian matrices.
Since our extensive calculations are done in pQCD at
finite temperature and include only gluon interactions,
below we list the necessary Feynman rules in covariant
gauge that we employ:
• massless gluon propagator in Feynman gauge (note
that all diagrams in this paper are plotted by us-
ing [40]):
a,µ b,νp
=
−iδabgµν
p2 + i
, (A10)
• 3-gluon vertex:
a,µ
b,ν
c,ρ
p1
p2
p3
= gsf
abc
(
gµρ(p1 − p3)ν + gµν(p2 − p1)ρ + gνρ(p3 − p2)µ
)
. (A11)
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Since only physical transverse gluon states must be
accounted, the transverse projector in the finite temper-
ature case reduces to Eq. (57) from [31]:
P ij =
∑
pol
i(k)j(k) = δij − k
ikj
~k2
, (A12)
where i, j = 1, 2, 3 correspond to spacial components of
4-vector.
Appendix B: Assumptions
Throughout the paper we assume that initial gluon
jet propagates along the z-axis, i.e. has transverse mo-
mentum equal to zero, while radiated gluon carries away
a finite rate x of initial gluon longitudinal momentum
and energy, and final gluon emerges with momentum p.
Therefore, instead of assuming soft-gluon approximation
(x  1), as it was done in [9, 25], we allow x to ac-
quire finite non-zero values, thus relaxing the soft-gluon
approximation.
Since we are calculating radiative energy loss within
the (GLV) DGLV formalism apart from abandoning the
soft-gluon approximation, the following assumptions re-
main:
• The soft-rescattering approximation. Consistently
with [9, 25] we assume that partons energies and
longitudinal momenta are high compare to their
transverse momenta, which disables the radiated
and the final gluon to digress much from the initial
longitudinal direction (the eikonal approximation).
E+ ∼ (1− x)E+ ∼ xE+  |p|, |k|, |qi|, (B1)
• The first order approximation. The gluon-jet radia-
tive energy loss is calculated up to the first order
in opacity expansion, as argued in [9, 29, 30].
• Scattering centers distribution and ensemble aver-
age. We consider that all scattering centers xi
are distributed with the same transversely homo-
geneous density:
ρ(~x) =
N
A⊥
ρ¯(z), (B2)
where
∫
dzρ¯(z) = 1 and also that impact parameter
(i.e. relative transverse coordinate) b = xi − x0
alters within a large transverse area A⊥ compared
to the interaction area 1µ2 . Therefore, the ensemble
average over the scattering center locations reduces
to an impact parameter average:
〈...〉 =
∫
d2b
A⊥
..., (B3)
which in our case is mainly used in the following
form:〈
e−i(qi+qj)·b
〉
=
(2pi)2
A⊥
δ2(qi + qj). (B4)
We also assume that the energy of initial hard probe
is large compared to the potential screening scale:
E+, (1− x)E+, xE+  µ. (B5)
Next, we assume that the distance between the source
J and the scattering centers is large relative to the inter-
action length:
zi − z0  1
µ
, (B6)
then, that source current varies slowly with momentum:
J(p+ k − q) ≈ J(p+ k), (B7)
and that the source current can be written explicitly in
terms of polarization vector:
Jµa (p+ k − q) ≡ Ja(p+ k − q)µ(p+ k − q)
≈ Ja(p+ k)µ(p+ k − q). (B8)
In the following sections first we assume that gluons
are massless (GLV) in order to make the comprehensive
derivations more straightforward and easier to follow, but
later we recalculate all the results with gluon mass [27]
included (DGLV) (Appendix J).
It is worth noting that all diagrams are calculated by
taking into account that each gluon can be in either of
the two helicity states, and that final results are obtained
by summing over helicities of final gluons p and k and av-
eraging over helicity of the initial gluon. Note however
that we obtained that thus calculated
〈|M0|2〉, 〈|M1|2〉
and 〈M2M∗0 〉 (for variables definition see the following
Appendices) coincide with the corresponding quantities,
when helicity (i.e. polarization) is considered unchanged
during the process of gluon bremsstrahlung (which was
the usual assumption in soft-gluon calculations [9, 25]).
We will explicitly demonstrate the equality of the re-
sults in these two approaches in the case of
〈|M0|2〉 (see
Appendix C), while in the consecutive sections (Appen-
dices D to J), for simplicity and easier comparison with
previous studies, we assume that polarization does not
change during the process, though we again note that
the same results are obtained when helicity is explicitly
accounted in the calculation.
Appendix C: Gluon jet M0
First we calculate gluon-jet radiation amplitude to
emit a gluon, carrying a finite fraction x of initial jet
energy, with momentum, polarization and color (k, (k),
c) and without interactions with the medium M0.
We assume that initial gluon (p+ k) propagates along
z-axis. By using M0 amplitude as an example, we will
implement the aforementioned assumptions in order to
acquire momentum and polarization expressions. Thus,
the initial gluon 4-momentum reads:
p+ k = (p0 + k0, pz + kz,0),
p+ k = [E+, E−,0], (C1)
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where E+ = p0 +k0 +pz+kz and E
− = p0 +k0−pz−kz.
Jµ
′
a′ a,µ
d,σ
c,ρM0
z0 z
p + k
p
k
FIG. 6: Zeroth order diagram that includes no interaction
with the QCD medium, and contributes to gluon radiation
amplitude to the first order in opacity L/λ. The dashed circle
represents the source J , which at longitudinal coordinate z0
produces an off-shell gluon jet, propagating along z-axis. z de-
notes longitudinal coordinate at which the gluon is radiated.
Latin indices denote color charges, while Greek indices denote
components of 4-vectors. k denotes 4-momentum of the radi-
ated gluon carrying the color c, and p denotes 4-momentum
of the final gluon jet carrying the color d.
Assuming massless (real) gluons for simplicity, the mo-
mentum vectors of the radiated (k) and the final (p) glu-
ons acquire the following form:
k2 = 0⇒ k = [xE+, k
2
xE+
,k], (C2)
p2 = 0⇒ p = [(1− x)E+, p
2
(1− x)E+ ,p]. (C3)
We also assume that gluons are transversely polarized
particles. Although we work in covariant gauge, we can
choose any polarization vector for the external on-shell
gluons, so in accordance with [9, 14, 25] we choose nµ =
[0, 2,0], as stated above:
(k) · k = 0, (k) · n = 0, (k)2 = −1,
(p) · p = 0, (p) · n = 0, (p)2 = −1, (C4)
while we assume that the source has also the physical
polarizations as the real gluons [14]:
(p+ k) · (p+ k) = 0, (p+ k) · n = 0,
(p+ k)
2
= −1. (C5)
Using Eqs. (C2) to (C5) we can now obtain the fol-
lowing expressions for the gluon polarizations:
µi (k) = [0,
2i · k
xE+
, i], 
µ
i (p) = [0,
2i · p
(1− x)E+ , i],
µi (p+ k) = [0, 0, i], (C6)
where i = 1, 2 counts for polarization vectors. Note that
1 and 2 from Eq. (C6) are orthonormal [41]. Also, the
4-momentum is conserved, which leads to the relation:
p+ k = 0, (C7)
that we implement in Eqs. (C3) and (C6) in order to
ensure that everything is expressed in terms of k. Also,
E+ ≈ 2E, E− = k2x(1−x)E+ , where E = p0 + k0 is the
energy of initial jet.
Using the notation from Fig. 6 we obtain:
M0 = 
∗
σ,i(p)
∗
ρ,j(k)gsf
acd
(
gµσ(2p+ k)ρ + gµρ(−p− 2k)σ + gρσ(−p+ k)µ
) −iδaa′gµµ′
(p+ k)2 + i
iJa′(p+ k)e
i(p+k)x0
×µ′l (p+ k) = Ja(p+ k)ei(p+k)x0gs
facd
(p+ k)2 + i
((
i(p) · l(p+ k)
)(
j(k) · (2p+ k)
)
+
(
j(k) · l(p+ k)
)(
i(p) · (−p− 2k)
)
+
(
i(p) · j(k)
)(
l(p+ k) · (−p+ k)
))
= Ja(p+ k)e
i(p+k)x0(igs)
(T c)da
(p+ k)2 + i
((− i · l)(j(k) · (2p))+ (− j · l)(i(p) · (−2k))
+
(− i · j)(l(p+ k) · (−p+ k))), (C8)
where i, j, l = 1, 2 now count for helicities, and where we
used polarizations given by Eq. (C6). Then, the averaged
value of |M0|2 reads:
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〈|M0|2〉 = 1
2
2∑
i,j,l=1
Ja(p+ k)e
i(p+k)x0(igs)J
∗
a (p+ k)e
−i(p+k)x0(−igs) (T
c)da(T
c)ad
k4
x2(1− x)2
(
− δil
(
2
j · k
x
)
−δjl
(
2
i · k
1− x
)− δij(− 2l · k))(− δil(2j · k
x
)− δjl(2 i · k
1− x
)− δij(− 2l · k))
=
∑(
Ja(p+ k)e
i(p+k)x0(−2igs)(1− x+ x2) · k
k2
(T c)da
)(
J∗a (p+ k)e
−i(p+k)x0(2igs)(1− x+ x2) · k
k2
(T c)ad
)
= |J(p+ k)|2(4g2s)
C2(G)dG
k4
(1− x+ x2)2
∑(
 · k)2
= |J(p+ k)|2(4g2s)
C2(G)dG
k2
(1− x+ x2)2, (C9)
where we used Eqs. (C1), (C2), (C3) and (C6). Note that
 in the third and the fourth line of Eq. (C9) (and in the
further text) denotes either of the two vectors 1 and 2,
and the summation is done over these two orthonormal
polarizations (helicity states), where
∑
( ·k)2 = k2. Ad-
ditionally, from the third line of this equation it is evident
that the summation over helicities of final and radiated
gluon, and averaging over helicity of initial gluon is equiv-
alent to summation over two helicity states of M0M
∗
0 ,
when M0 is expressed in the following simplified form:
M0 = Ja(p+ k)e
i(p+k)x0(−2gs)(1− x+ x2) · k
k2
facd
= Ja(p+ k)e
i(p+k)x0(−2igs)(1− x+ x2) · k
k2
(T c)da,
(C10)
which is widely-accepted notation used in [9, 25], and
which considered unchanged polarization in the process.
After multiplying Eq. (C10) by complex conjugate value,
the summation over two helicity states gives:〈|M0|2〉 = |J(p+ k)|2(4g2s)C2(G)dGk2 (1− x+ x2)2,
(C11)
which is equivalent to Eq. (C9). Thus, as already ex-
plained in the last paragraph of Appendix B, in order to
make the calculations easier to follow, throughout this
paper we adopt this condensed form (such as Eq. (C10))
of expressing the amplitudes, while summation is done in
the end (see Eqs. (I3), (I5), (J11) and (J12)).
Next we substitute Eq. (C11) in:
d3N (0)g d
3NJ ≈Tr
〈|M0|2〉 d3~p
(2pi)32p0
d3~k
(2pi)32ω
. (C12)
Note that, contrary to the soft-gluon approximation [25],
where:
d3NJ ≈ dG|J(p+ k)|2 d
3~p
(2pi)32p0
, (C13)
now p, denoting the momentum of the final gluon jet,
is not approximately equal to the momentum of initial
gluon jet (i.e. the radiated gluon can carry away a sub-
stantial amount of the initial jet energy and longitudinal
momentum). Thus instead of Eq. (C13) throughout this
paper we use the general one:
d3NJ = dG|J(p+ k)|2 d
3~pJ
(2pi)32EJ
, (C14)
where EJ = E and ~pJ denotes energy and 3D momentum
of the initial gluon jet, respectively. Knowing that the
substitution of variables (pz, kz → pJz , xE) gives:
d3~p
(2pi)32p0
d3~k
(2pi)32ω
=
d3~pJ
(2pi)32EJ
dxd2k
(2pi)32x(1− x) , (C15)
and by substituting Eqs. (C11), (C14) and (C15) in
Eq. (C12), for radiation spectrum we now obtain:
xd3N
(0)
g
dxdk2
=
αs
pi
C2(G)
k2
(1− x+ x2)2
1− x , (C16)
which recovers well-known Altarelli-Parisi result [31]
and for x 1 reduces to the massless soft-gluon limit of
Eq. (9) from [25].
Appendix D: Diagrams M1,1,0, M1,0,0, M1,0,1
In this section we provide a detailed calculations of
Feynman amplitudes, corresponding to gluon-jet inter-
action with one scattering center, which are depicted in
Fig. 7. Again for consistency, we assume that initial jet
(p+k− q) propagates along z-axis. Throughout this sec-
tion momentum and polarization vector for initial gluon
read:
p+ k − q1 = [E+ − q1z, E− + q1z,0], (D1)
i(p+ k − q1) = [0, 0, i], (D2)
where q1 = [q1z,−q1z,q1], with q01 = 0, denotes the
momentum of exchanged gluon, while p, k and corre-
sponding polarization vectors retain the same expression
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as in Eqs. (C2), (C3) and (C6), with the distinction that
the following relation between gluon transverse momenta,
due to 4-momentum conservation, holds:
q1 = p+ k. (D3)
1. Computation of M1,1,0 diagram
We chose to start with thorough derivation of the ex-
pression for M1,1,0 amplitude, simply because it has no
counterpart regarding the symmetry under (p ↔ k, x ↔
(1−x), c↔ d) substitutions, and it provides all necessary
steps for calculating the remaining two amplitudes from
this chapter, apart from having one less singularity com-
pared to the amplitudes M1,0,0 and M1,0,1. Thus, using
the notation from Fig. 7 (a), we write:
M1,1,0 =
∫
d4q1
(2pi)4
∗σ(p)
∗
ρ(k)gsf
bcd
(
gνσ(2p+ k)ρ + gνρ(−p− 2k)σ + gρσ(−p+ k)ν
) (−i)δbb′gνν′
(p+ k)2 + i
×fab′a1
(
gµ0(p+ k − 2q1)ν′ + gµν′(−2p− 2k + q1)0 + gν′0(p+ k + q1)µ
)
Ta1V (q1)e
iq1x1
× (−i)δaa′gµµ′
(p+ k − q1)2 + i iJa
′(p+ k − q1)µ′(p+ k − q1)ei(p+k−q1)x0
≈ Ja(p+ k)ei(p+k)x0f bcdfa1abTa1(−i)(1− x+ x2)
∫
d2q1
(2pi)2
e−iq1·(x1−x0)(2gs)
(1− x)  · k− x  · p
x(1− x)
×E+
∫
dq1z
2pi
v(q1z,q1)e
−iq1z(z1−z0)
((p+ k − q1)2 + i)((p+ k)2 + i) , (D4)
where we used the equation:
(p+ k)2 =
((1− x)k− xp)2
x(1− x) , (D5)
and assumed that J varies slowly with momentum q1, i.e.
Eq. (B7). The longitudinal momentum transfer integral:
I1(p, k,q1, z1 − z0) ≡
∫
dq1z
2pi
v(q1z,q1)e
−iq1z(z1−z0)
(p+ k − q1)2 + i
(D6)
has to be performed in the lower half-plane of the com-
plex plain, since z1 > z0. In order to determine the pole
arising from potential, we rewrite Eq. (A2) in a more
appropriate form:
v(~qn) =
4piαs
(qnz + iµn⊥)(qnz − iµn⊥) , (D7)
where µ2n⊥ = µ
2 +q2n, with n denoting the corresponding
scattering center.
Aside from the pole originating from Eq. (D7) (q1z =
−iµ1⊥), there is also a singularity emerging from the
gluon propagator:
q¯1 = − k
2
xE+
− p
2
(1− x)E+ − i
=− k
2
2ω
− x
1− x
(k− q1)2
2ω
− i, (D8)
where ω = k0 ≈ xE+2 . The residue around the pole at q¯1
is computed as (the negative sign is due to the clock-wise
orientation of the closed contour in the complex plain):
Res(q¯1) ≈− v(− k
2
xE+
− p
2
(1− x)E+ ,q1)
i
E+
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0)
=− v(−k
2
2ω
− x
1− x
(k− q1)2
2ω
,q1)
i
E+
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0). (D9)
The pole originating from the potential (q1z = −iµ1⊥) does not contribute to the longitudinal integral, since
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k
~q1
J
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M1,0,0
(b)
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J
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FIG. 7: Three diagrams, corresponding to interaction with one static scattering center, that contribute to gluon-jet radiation
amplitude to the first order in opacity L/λ. z1 denotes longitudinal coordinate of the interactions with one scattering center.
Crossed circle represents scatterer that exchanges 3D momentum ~q1 with the jet. Note that, all three diagrams assume
equivalently ordered Latin and Greek indices as indicated in (a). Remaining labeling is the same as in Fig. 6.
residue around that pole is exponentially suppressed due
to Eq. (B6), i.e. µ(z1 − z0) 1 (and µ ∼ µ1⊥):
Res(−iµ1⊥) ≈ −i 4piαs
(−2iµ1⊥)E+(−iµ1⊥)e
−µ1⊥(z1−z0) → 0,
(D10)
where we assumed that E+  µ and soft-rescattering
approximation.
This makes only q¯1 singularity relevant for calculat-
ing longitudinal integral. Therefore I1 coincides with
Eq. (D9), i.e.:
I1(p, k,q1, z1 − z0) ≈− v(− k
2
xE+
− p
2
(1− x)E+ ,q1)
i
E+
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) ≈ −v(0,q1) i
E+
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0)
=− v(0,q1) i
E+
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0), (D11)
where we used eikonal approximation (i.e. for a finite
x: k
2
(xE+)2  1 and p
2
((1−x)E+)2  1). Finally, M1,1,0
amplitude reads:
M1,1,0 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)f bcdfa1abTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(−2igs) · ((1− x)k− xp)
((1− x)k− xp)2
×ei( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0)
=Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)(T cT a1)daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(−2igs) · (k− xq1)
(k− xq1)2
×e i2ω (k2+ x1−x (k−q1)2)(z1−z0), (D12)
where we denoted b1 ≡ x1 − x0. In this subsection, we
constantly make use of Eq. (D3) in the following form:
p2 = (k− q1)2, (D13)
and also manipulate with SU(Nc = 3) structure con-
stants by using Eqs. (A5) and (A6). Note from Fig. 7 (a)
that, as expected, M1,1,0 is symmetric under the substi-
tutions: (p↔ k, x↔ (1−x), c↔ d), where the symmetry
can be straightforwardly verified by implementing these
substitutions in the first two lines of Eq. (D12).
2. Computation of M1,0,0 and M1,0,1 diagrams
Applying the same procedure as in the previous sub-
section, we proceed with calculating M1,0,0. Note that
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the order of the color and Dirac indices denoting ver-
tices is the same for all three diagrams in Fig. 7, and are
therefore omitted in Figs. 7 (b) and (c).
M1,0,0 =
∫
d4q1
(2pi)4
∗σ(p)f
bda1
(
gν0(p− 2q1)σ + gνσ(−2p+ q1)0 + gσ0(p+ q1)ν
)
Ta1V (q1)e
iq1x1
(−i)δbb′gνν′
(p− q1)2 + i
×gsfacb′
(
gµν
′
(2p+ k − 2q1)ρ + gµρ(−p− 2k + q1)ν′ + gρν′(−p+ k + q1)µ
)
∗ρ(k)
(−i)δaa′gµµ′
(p+ k − q1)2 + i
×iJa′(p+ k − q1)µ′(p+ k − q1)ei(p+k−q1)x0
≈ Ja(p+ k)ei(p+k)x0f bda1facbTa1(−i)(1− x+ x2)E+
∫
d2q1
(2pi)2
e−iq1·b1(2gs)
 · k
x
I2, (D14)
where:
I2(p, k,q1, z1 − z0) ≡
∫
dq1z
2pi
v(q1z,q1)e
−iq1z(z1−z0)
(p+ k − q1)2 + i
× 1
(p− q1)2 + i . (D15)
In order to calculate the previous integral, due to z1 > z0
we again have to close the contour below the real axis.
Similarly as in M1,1,0 amplitude, again only the poles
originating from the propagators contribute to the inte-
gral: (− k2xE+ − p
2
(1−x)E+ − i) and ( k
2−p2
(1−x)E+ − i), while
(−iµ1⊥) is exponentially suppressed (due to µ(z1−z0)
1). Therefore we obtain:
I2(p, k,q1, z1 − z0) ≈ ix
E+k2
v(0,q1)
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei
(p2−k2)
(1−x)E+ (z1−z0)
)
≈ ix
E+k2
v(0,q1)
(
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0) − e i2ω x1−x ((k−q1)2−k2)(z1−z0)
)
, (D16)
leading to:
M1,0,0 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)f bda1facbTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(2igs)
 · k
k2
×
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei
(p2−k2)
(1−x)E+ (z1−z0)
)
= Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)(T a1T c)daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(2igs)
 · k
k2
×
(
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0) − e− i2ω x1−x (k2−(k−q1)2)(z1−z0)
)
. (D17)
By applying similar procedure for M1,0,1 we obtain:
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M1,0,1 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)f bca1fadbTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(2igs)
 · p
p2
×
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei (k
2−p2)
xE+
(z1−z0)
)
= Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)[T c, T a1 ]daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(2igs)
 · (k− q1)
(k− q1)2
×
(
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0) − e i2ω (k2−(k−q1)2)(z1−z0)
)
. (D18)
Notice from Figs. 7 (b) and (c) that M1,0,1 and M1,0,0
are symmetric under the following substitutions: (p ↔
k, x↔ (1−x), c↔ d); it can be straightforwardly verified
that Eqs. (D17) and (D18) are symmetric under these
substitutions.
Appendix E: Diagram M2,2,0
Next we concentrate on the diagrams containing two
interactions with the static scattering centers, since they
also contribute to the gluon radiative energy loss to the
first order in opacity, when multiplied by M∗0 . There are
seven such diagrams, that we gather into four groups,
each of which contains two (or one) diagrams symmetric
under (p↔ k, x↔ (1− x), c↔ d) substitutions.
For consistency the initial gluon jet (with momentum
p+ k − q1 − q2) propagates along z-axis, i.e.:
p+ k − q1 − q2 = [E+ − q1z − q2z, E− + q1z + q2z,0],
(E1)
i(p+ k − q1 − q2) = [0, 0, i], (E2)
where qi = [qiz,−qiz,qi], i = 1, 2 with q0i = 0 denote
momenta of exchanged gluons, while p, k and corre-
sponding polarizations retain the same expressions as in
Eqs. (C2), (C3) and (C6), with distinction that, due to 4-
momentum conservation, the following relation between
gluon transverse momenta holds:
p+ k = q1 + q2. (E3)
Again, from seven diagrams we chose one model dia-
gram M2,2,0, based on the same reason as in Appendix D,
for thorough derivation of the final amplitude expression.
From Fig. 8, where gluon jet after two consecutive inter-
actions with scattering centers radiates a gluon with mo-
mentum k, we observe that there are two limiting cases
that we consider.
Using the notation from Fig. 8 we write:
M2,2,0 =
∫
d4q1
(2pi)4
d4q2
(2pi)4
∗σ(p)
∗
ρ(k)gsf
ecd
(
gξσ(2p+ k)ρ + gξρ(−p− 2k)σ + gρσ(−p+ k)ξ
) −iδee′gξξ′
(p+ k)2 + i
×f be′a2
(
gν0(p+ k − 2q2)ξ′ + gνξ′(−2p− 2k + q2)0 + gξ′0(p+ k + q2)ν
)
Ta2V (q2)e
iq2x2
−iδbb′gνν′
(p+ k − q2)2 + i
×fab′a1
(
gµ0(p+ k − 2q1 − q2)ν′ + gµν′(−2p− 2k + q1 + 2q2)0 + gν′0(p+ k + q1 − q2)µ
)
Ta1V (q1)e
iq1x1
× −iδaa′gµµ′
(p+ k − q1 − q2)2 + i iJa
′(p+ k − q1 − q2)µ′(p+ k − q1 − q2)ei(p+k−q1−q2)x0
≈ iJa(p+ k)ei(p+k)x0fecdf bea2faba1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
(2igs)
 · ((1− x)k− xp)
((1− x)k− xp)2
×e−iq1·b1e−iq2·b2(E+)2
∫
dq1z
2pi
dq2z
2pi
v(q1z,q1)v(q2z,q2)e
−iq1z(z1−z0)e−iq2z(z2−z0)
((p+ k − q1 − q2)2 + i)((p+ k − q2)2 + i) , (E4)
where bi ≡ xi − x0, i = 1, 2 denote transverse impact
parameters. We used Eq. (D5) and assumed that J varies
slowly with momentum qi, i.e. J(p + k − q1 − q2) ≈
J(p+ k).
Regarding the longitudinal q1z integral, we intro-
duce a new variable: qz = q1z + q2z throughout
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FIG. 8: (a) Feynman diagram M2,2,0 and its contribution to the first order in opacity gluon-jet radiative energy loss: (b)
contact-limit Mc2,2,0. zi, where i = 1, 2, denotes longitudinal coordinate of the interactions with the consecutive scattering
centers (or in the contact limit z1 = z2). Crossed circles represent scatterers that exchange 3D momentum ~qi with the jet,
which in contact-limit case merge into one gridded ellipse. Note that, all the following figures assume equivalently ordered
Latin and Greek indices as in this figure. Remaining labeling is the same as in Figs. 6 and 7.
this, and the following sections involving Feynman
amplitudes which include interactions with two scat-
tering centers. Therefore, we rewrite the exponent
in the following manner: e−iq1z(z1−z0)e−iq2z(z2−z0) =
e−iqz(z1−z0)e−iq2z(z2−z1). Rewriting q1z longitudinal inte-
gral in terms of qz, i.e. changing the variables, we obtain:
I2(p, k,q1, ~q2, z1 − z0) =
∫
dqz
2pi
v(qz − q2z,q1)e−iqz(z1−z0)
(p+ k − q1 − q2)2 + i .
(E5)
Again, due to z1 > z0, the contour must be closed in the
lower half-plane of complex qz plain, so additional minus
sign arises from the negative orientation of the contour
and also we neglect the pole at qz = −iµ1⊥ + q2z, since
it is exponentially suppressed due to Eq. (B6). Thus,
only one pole, originating from the gluon propagator,
contributes to the first longitudinal integral:
q¯ = − k
2
xE+
− p
2
(1− x)E+ − i
=− k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
− i, (E6)
where we used, as well as throughout the Appendices F-H
the relation between transverse momenta Eq. (E3). The
residue at Eq. (E6) then gives:
I2(p, k,q1, ~q2, z1 − z0) ≈ −v(−q2z − k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1)
i
E+
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0). (E7)
Next we need to solve the remaining q2z longitudinal mo-
mentum transfer integral:
I3(p, k,q1,q2, z2 − z1) =
∫
dq2z
2pi
v(q2z,q2)e
−iq2z(z2−z1)
(p+ k − q2)2 + i
× v(−q2z − k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1).
(E8)
Luckily, we are interested only in two limiting cases:
• The limit of well-separated scattering centers z2 −
z1  1/µ, where poles originating from Yukawa
potentials are exponentially suppressed,
• The contact limit z1 = z2, where these poles con-
tribute to the final results.
In the case of two distinct scatterers (z1 6= z2) and in the
limit of well-separated scattering centers there is only
one pole that contributes to the residue (the singular-
ities originating from Yukawa potential once again are
exponentially suppressed):
q¯2z = − k
2
xE+
− p
2
(1− x)E+ +
q21
E+
− i
=− k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
+
q21
E+
− i. (E9)
Since z2 > z1 again we close the contour below the real
q2z axis and thus obtain:
I3(p, k,q1,q2, z2 − z1) ≈ − v(0,q1)v(0,q2) i
E+
× e i2ω (k2+ x1−x (k−q1−q2)2−xq21)(z2−z1).
(E10)
In the special case of contact limit, i.e. when z1 = z2,
instead of Eq. (E8) we need to calculate the following q2z
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integral:
Ic3(p,k,q1,q2, 0) =
∫
dq2z
2pi
v(q2z,q2)
(p+ k − q2)2 + i
× v(−q2z − k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1).
(E11)
Now, the contributions from Yukawa singularities (q2z =
−iµ1⊥, q2z = −iµ2⊥) are not negligible and need to be
included together with Eq. (E9). By choosing the same
integration contour we obtain:
Ic3(p, k,q1,q2, 0) ≈
−i
E+
(
v(0,q1)v(0,q2)− (4piαs)
2
2
1
µ22⊥ − µ21⊥
(
1
µ21⊥
− 1
µ22⊥
)
)
= −v(0,q1)v(0,q2) i
2E+
, (E12)
which is exactly 12 of the strength of Eq. (E10). Note
that, in previous calculations we applied soft-rescattering
approximation and also assumed E+  µi⊥, i = 1, 2.
Finally, contact limit of this amplitude reads:
M c2,2,0 = − iJa(p+ k)ei(p+k)x0fecdf bea2faba1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · ((1− x)k− xp)
((1− x)k− xp)2 e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0)
= − Ja(p+ k)ei(p+k)x0(T cT a2T a1)daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · (k− x(q1 + q2))
(k− x(q1 + q2))2 e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0), (E13)
where we applied Eq. (E3) and manipulated with
SU(Nc = 3) structure constants by using Eqs. (A5)
and (A6). Also we assumed that x1 = x2, since dia-
grams with two different centers will not contribute to
the final result due to Eqs. (A3) and (A4).
Note from Fig. 8 that M2,2,0 is symmetric under the
substitutions: (p ↔ k, x ↔ (1 − x), c ↔ d), which can
be straightforwardly verified by implementing these
substitutions in the first two lines of Eq. (E13).
Appendix F: Diagrams M2,0,3 and M2,0,0
Next we consider M2,0,3 diagram, where the radiated
gluon suffers two consecutive interactions with the QCD
medium (Figs. 9 (a) and (b)).
Note that the order of the color and Dirac indices
denoting vertices is the same for all the remaining di-
agrams containing two interactions with the scatterers
as in Fig. 8, and therefore omitted onward.
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FIG. 9: Feynman diagrams M2,0,3 and M2,0,0 in well-separated ((a) and (c)) and in contact-limit case (z1 = z2), which
contributes to the first order in opacity of gluon-jet radiative energy loss: Mc2,0,3 and M
c
2,0,0 ((b) and (d)). Remaining labeling
is the same as in Fig. 8.
M2,0,3 =
∫
d4q1
(2pi)4
d4q2
(2pi)4
∗ρ(k)f
eca2
(
gξ0(k − 2q2)ρ + gξρ(−2k + q2)0 + gρ0(k + q2)ξ
)
Ta2V (q2)e
iq2x2
−iδee′gξξ′
(k − q2)2 + i
×f be′a1
(
gν0(k − 2q1 − q2)ξ′ + gνξ′(−2k + q1 + 2q2)0 + gξ′0(k + q1 − q2)ν
)
Ta1V (q1)e
iq1x1
−iδbb′gνν′
(k − q1 − q2)2 + i
×∗σ(p)gsfadb
′(
gµν
′
(p+ 2k − 2q1 − 2q2)σ + gµσ(−2p− k + q1 + q2)ν′ + gσν′(p− k + q1 + q2)µ
)
× −iδaa′gµµ′
(p+ k − q1 − q2)2 + i iJa
′(p+ k − q1 − q2)µ′(p+ k − q1 − q2)ei(p+k−q1−q2)x0
≈ iJa(p+ k)ei(p+k)x0feca2f bea1fadbTa2Ta1
(1− x+ x2)
1− x (−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
(2igs)  · p e−iq1·b1e−iq2·b2
×
∫
dq1z
2pi
dq2z
2pi
E+k+v(q1z,q1)v(q2z,q2)e
−iq1z(z1−z0)e−iq2z(z2−z0)
((p+ k − q1 − q2)2 + i)((k − q1 − q2)2 + i)((k − q2)2 + i) . (F1)
Next, again by changing the variables q1z → qz = q1z + q2z, we define the following integral:
I2(p, k,q1, ~q2, z1 − z0) =
∫
dqz
2pi
v(qz − q2z,q1)e−iqz(z1−z0)
((p+ k − q1 − q2)2 + i)((k − q1 − q2)2 + i) . (F2)
Again, as explained in the previous section, we close the
contour in lower half-plane, and since µ(z1 − z0)  1
the pole at qz = −iµ1⊥ + q2z is again exponentially sup-
pressed. Therefore the remaining qz singularities origi-
nating from gluon propagators are:
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q¯1 = − k
2
xE+
− p
2
(1− x)E+ − i = −
k2
2ω
− x
1− x
(k− q1 − q2)2
2ω
− i,
q¯2 = − k
2
xE+
+
p2
xE+
− i = −k
2
2ω
+
(k− q1 − q2)2
2ω
− i. (F3)
After performing the integration, i.e. summing the residues at these two poles, I2 now reads:
I2(p, k,q1, ~q2, z1 − z0) ≈ v(−q2z,q1) i(1− x)
E+(k− q1 − q2)2
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0) − e i2ω (k2−(k−q1−q2)2)(z1−z0)
)
.
(F4)
The remaining integral over q2z is:
I3(p, k,q1,q2, z2 − z1) =
∫
dq2z
2pi
v(q2z,q2)e
−iq2z(z2−z1)
(k − q2)2 + i
×v(−q2z,q1), (F5)
and since we are interested only in the contact-limit case
(i.e. z1 = z2), we need to calculate:
Ic3(p, k,q1,q2, 0) =
∫
dq2z
2pi
v(q2z,q2)v(−q2z,q1)
(k − q2)2 + i , (F6)
which gives:
Ic3(p, k,q1,q2, 0) ≈ −v(0,q1)v(0,q2)
i
2xE+
, (F7)
which can readily be shown to represent exactly 12 of the
strength of the well-separated limit Eq. (F5), as forM2,2,0
amplitude. The contact limit of this amplitude reduces
to:
M c2,0,3 = iJa(p+ k)e
i(p+k)x0feca2f bea1fadbTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · p
p2
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei (k
2−p2)
xE+
(z1−z0)
)
= Ja(p+ k)e
i(p+k)x0 [[T c, T a2 ], T a1 ]daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · (k− q1 − q2)
(k− q1 − q2)2
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0) − e i2ω (k2−(k−q1−q2)2)(z1−z0)
)
. (F8)
Proceeding in the same manner, for M c2,0,0 amplitude (Figs. 9 (c) and (d)) we obtain:
M c2,0,0 = iJa(p+ k)e
i(p+k)x0feda2f bea1facbTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · k
k2
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei
(p2−k2)
(1−x)E+ (z1−z0)
)
= Ja(p+ k)e
i(p+k)x0(T a2T a1T c)daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · k
k2
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0) − e i2ω x1−x ((k−q1−q2)2−k2)(z1−z0)
)
. (F9)
23
From Fig. 9 we infer thatM2,0,3 andM2,0,0 are symmetric
under the following substitutions: (p ↔ k, x ↔ (1 −
x), c ↔ d), which can be straightforwardly verified by
implementing these substitutions in Eqs. (F8) and (F9).
Appendix G: Diagrams M2,0,1 and M2,0,2
Here we consider the case when both initial gluon jet
and radiated gluon interact with one scattering center.
We provide only the contact-limit case diagrams M c2,0,1
and M c2,0,2 (Fig. 10), since, in the end, only they are used
in calculating radiative energy loss to the first order in
opacity.
M2,0,1 =
∫
d4q1
(2pi)4
d4q2
(2pi)4
∗σ(p)f
eda2
(
gξ0(p− 2q2)σ + gξσ(−2p+ q2)0 + gσ0(p+ q2)ξ
)
Ta2V (q2)e
iq2x2
× −iδee′gξξ′
(p− q2)2 + igsf
ae′b′
(
gµν
′
(p+ 2k − 2q1 − q2)ξ′ + gµξ′(−2p− k + q1 + 2q2)ν′ + gξ′ν′(p− k + q1 − q2)µ
)
×∗ρ(k)f bca1
(
gν0(k − 2q1)ρ + gνρ(−2k + q1)0 + gρ0(k + q1)ν
)
Ta1V (q1)e
iq1x1
−iδbb′gνν′
(k − q1)2 + i
× −iδaa′gµµ′
(p+ k − q1 − q2)2 + i iJa
′(p+ k − q1 − q2)µ′(p+ k − q1 − q2)ei(p+k−q1−q2)x0
≈− iJa(p+ k)ei(p+k)x0feda2faebf bca1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
(2igs)  · (k− q1) e−iq1·b1
×e−iq2·b2(E+)2
∫
dq1z
2pi
dq2z
2pi
v(q1z,q1)v(q2z,q2)e
−iq1z(z1−z0)e−iq2z(z2−z0)
((p+ k − q1 − q2)2 + i)((k − q1)2 + i)((p− q2)2 + i) . (G1)
Again, by changing the variables q1z → qz = q1z + q2z,
we define the following integral:
I2(p, k,q1, ~q2, z1 − z0) =
∫
dqz
2pi
v(qz − q2z,q1)e−iqz(z1−z0)
(p+ k − q1 − q2)2 + i
× 1
(k − q1)2 + i . (G2)
Since z1 > z0 we must close the contour in lower half-
plane, and since µ(z1 − z0)  1 again we neglect the
pole at qz = −iµ1⊥ + q2z. Therefore the remaining qz
singularities originating from gluon propagators are:
q¯1 = −k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
− i,
q¯2 = −k
2
2ω
+
(k− q1)2
2ω
+ q2z − i.
(G3)
Summing the residues gives:
I2(p,k,q1, ~q2, z1 − z0) ≈ ie
i k
2
2ω (z1−z0)
E+k+(q2z +
(k−q1)2
2ω +
x
1−x
(k−q1−q2)2
2ω )
×
(
v(−q2z − k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1)e
i x1−x
(k−q1−q2)2
2ω (z1−z0) − v( (k− q1)
2
2ω
− k
2
2ω
,q1)e
−i(q2z+ (k−q1)
2
2ω )(z1−z0)
)
.
(G4)
The remaining q2z integral is:
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FIG. 10: Topologically indistinct Feynman diagrams: (a) Mc2,0,1 and (b) M
c
2,0,2 in contact limit (z1 = z2), which contribute to
the first order in opacity of gluon-jet radiative energy loss. Remaining labeling is the same as in Fig. 8.
I3(p, k,q1,q2,z2 − z0, z2 − z1) =
∫
dq2z
2pi
1
q2z +
(k−q1)2
2ω +
x
1−x
(k−q1−q2)2
2ω
v(q2z,q2)
(p− q2)2 + i
×
(
e−iq2z(z2−z1)e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0)v(−q2z − k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1)
− e−iq2z(z2−z0)e− i2ω ((k−q1)2−k2)(z1−z0)v( (k− q1)
2
2ω
− k
2
2ω
,q1)
)
, (G5)
where the singularity on q2z real axis: q2z = − (k−q1)
2
2ω −
x
1−x
(k−q1−q2)2
2ω ≡ −a, (a > 0) has to be avoided by taking
Cauchy principal value of I3 according to the Fig. 11, i.e.:
I3 ≡ IPV = IB − IC − ID, (G6)
where IB = −2pii
∑
iRes(I3(q¯i)), with i counting the
poles in the lower-half plane. Additionally IC = 0,
and it’s straightforward to show, that after the follow-
ing substitution q2z = −a + reiϕ, where r → 0, also
ID = 0. Therefore, principal value of I3 reduces to IB ,
i.e. −2pii∑iRes(I3(q¯i)).
In the well-separated case Eq. (G5) poles originating
from Yukawa potentials (q2z = − k22ω − x1−x (k−q1−q2)
2
2ω −
iµ1⊥ and q2z = −iµ2⊥) are again exponentially sup-
pressed (e−µi⊥(z2−z0,1) → 0, i = 1, 2) and therefore can
be neglected, so only the pole from the propagator sur-
vives q2z =
x
1−x (
(k−q1)2
2ω − (k−q1−q2)
2
2ω ) − i. However,
since we are interested only in the contact-limit case (i.e.
z1 = z2), instead of Eq. (G5) we need to calculate the
principal value of the following integral:
Ic3(p, k,q1,q2,z1 − z0) =
∫
dq2z
2pi
1
q2z +
(k−q1)2
2ω +
x
1−x
(k−q1−q2)2
2ω
×
(e i2ω (k2+ x1−x (k−q1−q2)2)(z1−z0)
(p− q2)2 + i v(−q2z −
k2
2ω
− x
1− x
(k− q1 − q2)2
2ω
,q1)v(q2z,q2)
− e
−iq2z(z1−z0)e−
i
2ω ((k−q1)2−k2)(z1−z0)
(p− q2)2 + i v(
(k− q1)2
2ω
− k
2
2ω
,q1)v(q2z,q2)
)
, (G7)
which again reduces to the sum of residua, with −a ef-
fectively not being a pole (Fig. 11). Particularly, for
the second term in the bracket of Eq. (G7), only the
propagator pole survives, while for the first term in the
bracket all three poles have to be accounted, although
residues at poles from potentials sum to the order of
O( (k−q1)2x(1−x)E+(µ1⊥+µ2⊥) ), and thus can be neglected com-
pared to the remaining residue.
Finally, in the contact-limit case we obtain:
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FIG. 11: Illustration of calculating Cauchy principal value (IPV ) in the case when singularity (-a) on the real (hori-
zontal) axis arises.
M c2,0,1 ≈ − iJa(p+ k)ei(p+k)x0feda2faebf bca1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs) · (k− q1)
(k− q1)2
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei( k
2
xE+
+ p
2
(1−x)E+−
(k−q1)2
x(1−x)E+ )(z1−z0)
)
= Ja(p+ k)e
i(p+k)x0(T a2 [T c, T a1 ])daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs) · (k− q1)
(k− q1)2
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0) − e i2ω (k2− (k−q1)
2
1−x +
x
1−x (k−q1−q2)2)(z1−z0)
)
. (G8)
Notice that, contrary to the previous three amplitudes
that also included two scattering centers, in Eq. (G8) no
factor 12 when comparing to well-separated limit appears.
Proceeding in the same manner, for M c2,0,2 we obtain:
M c2,0,2 ≈ iJa(p+ k)ei(p+k)x0feca2fabef bda1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs) · (p− q1)
(p− q1)2
(
e
i( k
2
xE+
+ p
2
(1−x)E+ )(z1−z0) − ei( k
2
xE+
+ p
2
(1−x)E+−
(p−q1)2
x(1−x)E+ )(z1−z0)
)
= Ja(p+ k)e
i(p+k)x0(T a1 [T c, T a2 ])daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs) · (k− q2)
(k− q2)2
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0) − e i2ω (k2− (k−q2)
2
1−x +
x
1−x (k−q1−q2)2)(z1−z0)
)
. (G9)
As for M c2,0,1 amplitude, no factor of
1
2 appears. From
well-separated analogon of Fig. 10 we could infer that
M2,0,1 and M2,0,2 are symmetric under the following sub-
stitutions: (p ↔ k, x ↔ (1− x), c ↔ d), which can read-
ily be verified by implementing these substitutions in the
first two lines of either of the two Eqs. (G8) and (G9)
and by using structure constant asymmetry. Note that,
in Eq. (G9) we applied Eq. (E3). Also, since in contact-
limit case these two diagrams are topologically indistinct,
we need to either omit one of them in order to avoid over
counting, or to include both, but multiply each by a fac-
tor 12 (we will do the latter).
Appendix H: Diagrams M2,1,0 and M2,1,1
The contact-limit case of the remaining two diagrams
is presented in Fig. 12. These diagrams correspond to
the case when one interaction with the scattering center
located at ~x1 occurs before and the other interaction at
the same place occurs after the gluon has been radiated.
In order to avoid redundant derivations (i.e. repetition
of the above calculations) we briefly outline our deriva-
tion of Feynman amplitudes for only contact-limit case.
In the light of time-ordered perturbation theory
from [8, 42] these two diagrams are identically equal to
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FIG. 12: Feynman diagrams: (a) Mc2,1,0 and (b) M
c
2,1,1 in contact limit (z1 = z2), which have negligible contribution to the
first order in opacity gluon-jet radiative energy loss. Remaining labeling is the same as in Fig. 8.
zero, since
∫ t1
t1
dt... = 0, but for the consistency we will provide a brief verification of this argument.
M2,1,0 =
∫
d4q1
(2pi)4
d4q2
(2pi)4
∗σ(p)f
eda2
(
gξ0(p− 2q2)σ + gξσ(−2p+ q2)0 + gσ0(p+ q2)ξ
)
Ta2V (q2)e
iq2x2
−iδee′gξξ′
(p− q2)2 + i
×∗ρ(k)gsf bce
′(
gνξ
′
(2p+ k − 2q2)ρ + gνρ(−p− 2k + q2)ξ′ + gρξ′(−p+ k + q2)ν
) −iδbb′gνν′
(p+ k − q2)2 + i
×fab′a1
(
gµ0(p+ k − 2q1 − q2)ν′ + gµν′(−2p− 2k + q1 + 2q2)0 + gν′0(p+ k + q1 − q2)µ
)
Ta1V (q1)e
iq1x1
× −iδaa′gµµ′
(p+ k − q1 − q2)2 + i iJa
′(p+ k − q1 − q2)µ′(p+ k − q1 − q2)ei(p+k−q1−q2)x0
≈ iJa(p+ k)ei(p+k)x0feda2f bcefaba1Ta2Ta1
(1− x+ x2)
x
(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
(2igs)  · (k− xq1) e−iq1·b1
×e−iq2·b2(E+)2
∫
dq2z
2pi
v(q2z,q2)e
−iq2z(z2−z1)
((p+ k − q2)2 + i)((p− q2)2 + i)
∫
dqz
2pi
v(qz − q2z,q1)e−iqz(z1−z0)
(p+ k − q1 − q2)2 + i
≈ Ja(p+ k)ei(p+k)x0feda2f bcefaba1Ta2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
(2igs)  · (k− xq1) e−iq1·b1
×e−iq2·b2(E+)2
∫
dq2z
2pi
v(q2z,q2)e
−iq2z(z2−z1)
((p+ k − q2)2 + i)((p− q2)2 + i)
1
k+
v(−k
2
2ω
− x
1− x
(k− q1 − q2)2
2ω
− q2z,q1)
×e i2ω (k2+ x1−x (k−q1−q2)2)(z1−z0). (H1)
In the contact-limit case there are four q2z poles of
the above integral in the lower half-plane: − k22ω −
x
1−x
(k−q1−q2)2
2ω +
xq21
2ω −i, x1−x ( (k−q1)
2
2ω − (k−q1−q2)
2
2ω )−i,−iµ1⊥ and −iµ2⊥, which give:
M c2,1,0 = iJa(p+ k)e
i(p+k)x0(T a2T cT a1)daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(igs) · (k− xq1)
(k− xq1)2 e
i
2ω (k
2+ x1−x (k−q1−q2)2)(z1−z0)µ
2
1⊥ + µ1⊥µ2⊥ + µ
2
2⊥
µ1⊥µ2⊥
(k− xq1)2
x(1− x)E+(µ1⊥ + µ2⊥) , (H2)
where the residues at first two poles (i.e. originating from
the gluon propagators) cancel each other exactly, leading
to the result Eq. (H2) that is suppressed by a factor of
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O( (k−xq1)2x(1−x)E+(µ1⊥+µ2⊥) ) compared to the all previous am-
plitudes (note that x is finite), as in the case of soft-gluon
approximation [9, 25].
The same conclusion applies to M c2,1,1 amplitude,
which can be straightforwardly verified by repeating the
analogous procedure as for M c2,1,0, and by the fact that
these two amplitudes are symmetric (see Fig. 12) to the
exchange (p↔ k, x↔ (1− x), c↔ d).
Appendix I: Calculation of radiative energy loss
In this section we provide concise outline of calculating
the first order in opacity radiative energy loss. We start
with the equation:
d3N (1)g d
3NJ =
( 1
dT
Tr
〈|M1|2〉+ 2
dT
ReTr 〈M2M∗0 〉
)
× d
3~p
(2pi)32p0
d3~k
(2pi)32ω
, (I1)
where M1 is sum of all diagrams with one scattering cen-
ter from Appendix D, M2 is sum of all diagrams with
two scattering centers in the contact limit from Appen-
dices E, F, G and M∗0 is obtained from Appendix C.
The final results from Appendix D yield:
M1 = M1,1,0 +M1,0,0 +M1,0,1 = Ja(p+ k)e
i(p+k)x0(1− x+ x2)Ta1(−i)
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1(2igs)
×
{( · (k− q1)
(k− q1)2 [T
c, T a1 ]da −  · (k− xq1)
(k− xq1)2 (T
cT a1)da +
 · k
k2
(T a1T c)da
)
e
i
2ω (k
2+ x1−x (k−q1)2)(z1−z0)
− · (k− q1)
(k− q1)2 [T
c, T a1 ]dae
i
2ω (k
2−(k−q1)2)(z1−z0) −  · k
k2
(T a1T c)dae
i
2ω
x
1−x ((k−q1)2−k2)(z1−z0)
}
, (I2)
leading to:
1
dT
Tr
〈|M1|2〉 = ∑N |J(p+ k)|2(4g2s) 1A⊥ (1− x+ x2)2
∫
d2q1
(2pi)2
|v(0,q1)|2C2(T )
dG
{
(
 · (k− xq1)
(k− xq1)2 )
2 Tr((T c)2(T a1)2)
+ 2α
(
2
 · (k− q1)
(k− q1)2 −
 · k
k2
−  · (k− xq1)
(k− xq1)2
) · (k− q1)
(k− q1)2 − α
 · k
k2
 · (k− q1)
(k− q1)2 2 cos (
k2 − (k− q1)2
x(1− x)E+ (z1 − z0))
+ 2
( · k
k2
Tr((T c)2(T a1)2)−  · (k− xq1)
(k− xq1)2 Tr(T
cT a1T cT a1)
) · k
k2
− 2α
( · (k− q1)
(k− q1)2 −
1
2
 · k
k2
− 1
2
 · (k− xq1)
(k− xq1)2
) · (k− q1)
(k− q1)2 2 cos (
(k− q1)2
x(1− x)E+ (z1 − z0))
+
(
α
 · (k− q1)
(k− q1)2 −
 · k
k2
Tr((T c)2(T a1)2) +
 · (k− xq1)
(k− xq1)2 Tr(T
cT a1T cT a1)
) · k
k2
2 cos (
k2
x(1− x)E+ (z1 − z0))
}
,
(I3)
where the number of scattering centers N comes from
summation over scattering centers Eqs. (B2) and (B3),
then α ≡ Tr((T c)2(T a1)2 − T cT a1T cT a1), and we also
used the definition of commutator, the fact that trace is
invariant under the cyclic permutations, Eq. (A4) (with
i = j and di = dT ) and the relation E
+ ≈ 2E. We
verified that this result is also symmetric under the sub-
stitutions: (p ↔ k, x ↔ (1 − x), c ↔ d) when written in
terms of structure constants.
Next, we summarize contact limits of all diagrams that
contain two scattering centers from Appendices E-G and
then take their ensemble average according to Eqs. (B2)
to (B4) in order to obtain M2:
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M2 = M
c
2,2,0 +M
c
2,0,3 +M
c
2,0,0 +
1
2
(M c2,0,1 +M
c
2,0,2) =
1
2
NJa(p+ k)e
i(p+k)x0(−2igs) 1
A⊥
(1− x+ x2)Ta2Ta1
×
∫
d2q1
(2pi)2
|v(0,q1)|2
{ · k
k2
(
e
i
2ω
k2
1−x (z1−z0)
(
[[T c, T a2 ], T a1 ]da + [T
a2T a1 , T c]da
)− [[T c, T a2 ], T a1 ]da
− (T a2T a1T c)da
)
+
 · (k− q1)
(k− q1)2
(
e
i
2ω
k2
1−x (z1−z0) − e i2ω k
2−(k−q1)2
1−x (z1−z0)
)(
(T a2 [T c, T a1 ])da + (T
a1 [T c, T a2 ])da
)}
.
(I4)
Then, by multiplying the previous expression by M∗0 , we obtain:
2
dT
ReTr 〈M2M∗0 〉 =
∑
N |J(p+ k)|2(4g2s)
1
A⊥
(1− x+ x2)2
∫
d2q1
(2pi)2
|v(0,q1)|2C2(T )
dG
×
{
(
 · k
k2
)2
(
2α cos (
k2
x(1− x)E+ (z1 − z0))− 2α− Tr((T
c)2(T a1)2)
)
−2α · k
k2
 · (k− q1)
(k− q1)2
(
cos (
k2
x(1− x)E+ (z1 − z0))− cos (
k2 − (k− q1)2
x(1− x)E+ (z1 − z0))
)}
, (I5)
which can easily be verified to be symmetric to the ex-
change (p ↔ k, x ↔ (1 − x), c ↔ d), when written in
terms of structure constants. By summing the expres-
sions Eqs. (I3) and (I5) we obtain:
1
dT
Tr
〈|M1|2〉+ 2
dT
ReTr 〈M2M∗0 〉 = NdG|J(p+ k)|2(4g2s)
C2(T )
dG
C22 (G)
1
A⊥
(1− x+ x2)2
∑∫ d2q1
(2pi)2
|v(0,q1)|2
×
{(
1− cos ( k
2
x(1− x)E+ (z1 − z0))
)( · k
k2
−  · (k− xq1)
(k− xq1)2
) · k
k2
+
(
(
 · (k− xq1)
(k− xq1)2 )
2 − ( · k
k2
)2
)
+
(
1− cos ( (k− q1)
2
x(1− x)E+ (z1 − z0))
)(
2
 · (k− q1)
(k− q1)2 −
 · k
k2
−  · (k− xq1)
(k− xq1)2
) · (k− q1)
(k− q1)2
}
, (I6)
which in the soft-gluon approximation coincides with
massless limit of Eq. (82) from [25] and where we used
the following equalities that are valid in adjoint rep-
resentation: Tr(T cT a1T cT a1) = 12C
2
2 (G)dG = α =
1
2 Tr((T
c)2(T a1)2), which follow from Eqs. (A4) to (A9)
and the commutator definition.
Since we are considering optically ”thin” QCD plasma,
it would be convenient to expand energy loss in powers of
opacity, which is defined by the mean number of collisions
in QCD medium [9]:
n¯ =
L
λ
=
Nσel
A⊥
, (I7)
where the small transverse momentum transfer elastic
cross section between the jet and the target partons is
taken from GW model (Eq. (6) from [9]), which in our
case reads:
dσel
d2q1
=
C2(G)C2(T )
dG
|v(0,q1)|2
(2pi)2
. (I8)
Combining Eqs. (I7) and (I8) we obtain:
L
λ
=
N
A⊥
C2(G)C2(T )
4pidG
(4piαs)
2
µ2
. (I9)
Next we incorporate Eq. (I9) in Eq. (I6), substitute ob-
tained expression in Eq. (I1), keeping in mind that ~p is
3D momentum of a final jet, and that we need to apply
Eqs. (C14) and (C15).
Thus, in the case of simple exponential distribution
2
Le
−2 z1−z0L of the scattering centers (as in [25]) the single
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gluon radiation spectrum in the first order in opacity becomes:
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∑∫ d2q1
pi
µ2
(q21 + µ
2)2
∫
d2k
pi
{
−  · (k− q1)
(k− q1)2
( · k
k2
+
 · (k− xq1)
(k− xq1)2 − 2
 · (k− q1)
(k− q1)2
)
×
∫
dz1(1− cos( (k− q1)
2
x(1− x)E+ (z1 − z0)))
2
L
e−
2(z1−z0)
L +
 · k
k2
( · k
k2
−  · (k− xq1)
(k− xq1)2
)
×
∫
dz1(1− cos( k
2
x(1− x)E+ (z1 − z0)))
2
L
e−
2(z1−z0)
L +
(
(
 · (k− xq1)
(k− xq1)2 )
2 − ( · k
k2
)2
)∫
dz1
2
L
e−
2(z1−z0)
L
}
,
(I10)
and the differential radiative energy loss dE
(1)
dx ≡
ω
d3N(1)g
dx ≈ xE
d3N(1)g
dx acquires the form:
dE(1)
dx
=
C2(G)αs
pi
L
λ
E
(1− x+ x2)2
1− x
∑∫ d2q1
pi
µ2
(q21 + µ
2)2
∫
d2k
pi
{
−  · (k− q1)
(k− q1)2
( · k
k2
+
 · (k− xq1)
(k− xq1)2 − 2
 · (k− q1)
(k− q1)2
)
×
∫
dz1(1− cos( (k− q1)
2
x(1− x)E+ (z1 − z0)))
2
L
e−
2(z1−z0)
L +
 · k
k2
( · k
k2
−  · (k− xq1)
(k− xq1)2
)
×
∫
dz1(1− cos( k
2
x(1− x)E+ (z1 − z0)))
2
L
e−
2(z1−z0)
L +
(
(
 · (k− xq1)
(k− xq1)2 )
2 − ( · k
k2
)2
)∫
dz1
2
L
e−
2(z1−z0)
L
}
.
(I11)
So we finally obtain:
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2
( 4x(1−x)EL )
2 + (k− q1)4
(
2− k · (k− q1)
k2
− (k− q1) · (k− xq1)
(k− xq1)2
)
+
k2
( 4x(1−x)EL )
2 + k4
(
1− k · (k− xq1)
(k− xq1)2
)
+
( 1
(k− xq1)2 −
1
k2
)}
, (I12)
which is symmetric to the exchange of p and k gluons, and:
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dE(1)
dx
=
C2(G)αs
pi
L
λ
E
(1− x+ x2)2
1− x
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2
( 4x(1−x)EL )
2 + (k− q1)4
(
2− k · (k− q1)
k2
− (k− q1) · (k− xq1)
(k− xq1)2
)
+
k2
( 4x(1−x)EL )
2 + k4
(
1− k · (k− xq1)
(k− xq1)2
)
+
( 1
(k− xq1)2 −
1
k2
)}
, (I13)
which in soft-gluon approximation reduces to massless
limit of Eq. (84) from [25].
Appendix J: Diagrams and radiative energy loss in
finite T QCD medium
Next we recalculate the results from Appendices C-H
when the gluon mass mg =
µ√
2
is included, i.e. gluon
propagator has the following form [27]:
• gluon propagator with mass mg in Feynman gauge:
a,µ b,νp
=
iδabPµν
p2 −m2g + i
, (J1)
where Pµν , given by Eq. (12) from [27] (specifically
Pµν = −
(
gµν− pµpνn
2+nµnνp
2−nµpν(np)−nνpµ(np)
n2p2−(np)2
)
, which
reduces to Eq. (A12)), represents the transverse projec-
tor. Note that, since the transverse projectors act di-
rectly or indirectly on transverse polarization vectors one
may immediately replace Pµν with −gµν in gluon propa-
gators, in order to facilitate the calculations. This obser-
vation is obvious for off-shell gluon propagator, whereas
the derivation for the remaining internal gluon lines is
straightforward.
Consistently throughout this section, initial jet prop-
agates long z-axis, 4-momentum is conserved and minus
Light cone coordinate of p and k momenta acquire an ad-
ditional term +m2g in the numerator compared to mass-
less case (Appendices C-H), due to relations k2 = p2 =
m2g, while the polarizations remain the same.
We provide only the final expressions for all 11 Feyn-
man diagrams beyond soft-gluon approximation, when
the gluon mass is included, since its derivation is simi-
lar to the case of massless gluons and in order to avoid
unnecessary repetition (Appendices C-H).
Thus, for M0 we obtain:
M0 = Ja(p+ k)e
i(p+k)x0(−2igs)(1− x+ x2)
×  · k
k2 +m2g(1− x+ x2)
(T c)da. (J2)
The expression for M1,1,0 now reads:
M1,1,0 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)(T cT a1)daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1
×(−2igs)  · (k− xq1)
(k− xq1)2 +m2g(1− x+ x2)
e
i
2ω (k
2+ x1−x (k−q1)2+
m2g(1−x+x2)
1−x )(z1−z0), (J3)
which differs from Eq. (D12) in the term χ ≡ m2g(1−x+
x2), which now appears in the denominator and in expo-
nent, accompanying the squared transverse momentum.
Further on, we will use the shorthand notation χ.
Similarly, for M1,0,0 and M1,0,1 we obtain, respectively:
M1,0,0 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)(T a1T c)daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1
×(2igs)  · k
k2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1)2+ χ1−x )(z1−z0) − e− i2ω x1−x (k2−(k−q1)2)(z1−z0)
)
, (J4)
31
M1,0,1 = Ja(p+ k)e
i(p+k)x0(−i)(1− x+ x2)[T c, T a1 ]daTa1
∫
d2q1
(2pi)2
v(0,q1)e
−iq1·b1
×(2igs)  · (k− q1)
(k− q1)2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1)2+ χ1−x )(z1−z0) − e i2ω (k2−(k−q1)2)(z1−z0)
)
. (J5)
Proceeding in the similar manner, we obtain the follow-
ing expressions for contact-limit diagrams which include
interactions with two scattering centers:
M c2,2,0 = − Ja(p+ k)ei(p+k)x0(T cT a2T a1)daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · (k− x(q1 + q2))
(k− x(q1 + q2))2 + χe
i
2ω (k
2+ x1−x (k−q1−q2)2+ χ1−x )(z1−z0), (J6)
M c2,0,3 = Ja(p+ k)e
i(p+k)x0 [[T c, T a2 ], T a1 ]daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · (k− q1 − q2)
(k− q1 − q2)2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2+ χ1−x )(z1−z0) − e i2ω (k2−(k−q1−q2)2)(z1−z0)
)
, (J7)
M c2,0,0 = Ja(p+ k)e
i(p+k)x0(T a2T a1T c)daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×1
2
(2igs)
 · k
k2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2+ χ1−x )(z1−z0) − e i2ω x1−x ((k−q1−q2)2−k2)(z1−z0)
)
, (J8)
M c2,0,1 = Ja(p+ k)e
i(p+k)x0(T a2 [T c, T a1 ])daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs)  · (k− q1)
(k− q1)2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2+ χ1−x )(z1−z0) − e i2ω (k2− (k−q1)
2
1−x +
x
1−x (k−q1−q2)2)(z1−z0)
)
, (J9)
M c2,0,2 = Ja(p+ k)e
i(p+k)x0(T a1 [T c, T a2 ])daTa2Ta1(1− x+ x2)(−i)
∫
d2q1
(2pi)2
(−i)
∫
d2q2
(2pi)2
v(0,q1)v(0,q2)e
−i(q1+q2)·b1
×(2igs)  · (k− q2)
(k− q2)2 + χ
(
e
i
2ω (k
2+ x1−x (k−q1−q2)2+ χ1−x )(z1−z0) − e i2ω (k2− (k−q2)
2
1−x +
x
1−x (k−q1−q2)2)(z1−z0)
)
. (J10)
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The amplitudes M c2,1,0 and M
c
2,1,1 are omitted as they
are suppressed compared to the remaining amplitudes.
After adding Eqs. (J3) to (J5), we obtain:
1
dT
Tr
〈|M1|2〉 = ∑N |J(p+ k)|2(4g2s) 1A⊥ (1− x+ x2)2
∫
d2q1
(2pi)2
|v(0,q1)|2C2(T )
dG
{
(
 · (k− xq1)
(k− xq1)2 + χ )
2 Tr((T c)2(T a1)2)
+2α
(
2
 · (k− q1)
(k− q1)2 + χ −
 · k
k2 + χ
−  · (k− xq1)
(k− xq1)2 + χ
)  · (k− q1)
(k− q1)2 + χ − α
 · k
k2 + χ
 · (k− q1)
(k− q1)2 + χ2 cos (
k2 − (k− q1)2
x(1− x)E+ (z1 − z0))
+2
(  · k
k2 + χ
Tr((T c)2(T a1)2)−  · (k− xq1)
(k− xq1)2 + χ Tr(T
cT a1T cT a1)
)  · k
k2 + χ
−2α
(  · (k− q1)
(k− q1)2 + χ −
1
2
 · k
k2 + χ
− 1
2
 · (k− xq1)
(k− xq1)2 + χ
)  · (k− q1)
(k− q1)2 + χ2 cos (
(k− q1)2 + χ
x(1− x)E+ (z1 − z0))
+
(
α
 · (k− q1)
(k− q1)2 + χ −
 · k
k2 + χ
Tr((T c)2(T a1)2) +
 · (k− xq1)
(k− xq1)2 + χ Tr(T
cT a1T cT a1)
)  · k
k2 + χ
2 cos (
k2 + χ
x(1− x)E+ (z1 − z0))
}
.
(J11)
Likewise, after adding Eqs. (J6) to (J10), we obtain:
2
dT
ReTr 〈M2M∗0 〉 =
∑
N |J(p+ k)|2(4g2s)
1
A⊥
(1− x+ x2)2
∫
d2q1
(2pi)2
|v(0,q1)|2C2(T )
dG
×
{
(
 · k
k2 + χ
)2
(
2α cos (
k2 + χ
x(1− x)E+ (z1 − z0))− 2α− Tr((T
c)2(T a1)2)
)
−2α  · k
k2 + χ
 · (k− q1)
(k− q1)2 + χ
(
cos (
k2 + χ
x(1− x)E+ (z1 − z0))− cos (
k2 − (k− q1)2
x(1− x)E+ (z1 − z0))
)}
, (J12)
leading to:
1
dT
Tr
〈|M1|2〉+ 2
dT
ReTr 〈M2M∗0 〉 = NdG|J(p+ k)|2(4g2s)
C2(T )
dG
C22 (G)
1
A⊥
(1− x+ x2)2
∑∫ d2q1
(2pi)2
|v(0,q1)|2
×
{(
1− cos ( k
2 + χ
x(1− x)E+ (z1 − z0))
)(  · k
k2 + χ
−  · (k− xq1)
(k− xq1)2 + χ
)  · k
k2 + χ
+
(
(
 · (k− xq1)
(k− xq1)2 + χ )
2 − (  · k
k2 + χ
)2
)
+
(
1− cos ((k− q1)
2 + χ
x(1− x)E+ (z1 − z0))
)(
2
 · (k− q1)
(k− q1)2 + χ −
 · k
k2 + χ
−  · (k− xq1)
(k− xq1)2 + χ
)  · (k− q1)
(k− q1)2 + χ
}
. (J13)
In the soft-gluon approximation the previous expres-
sion coincides with Eq. (82) from [25] (note that con-
trary to the cited paper, we here consider gluon jet, so
that M no longer denotes heavy quark mass, but instead
M ≡ mg and therefore the term M2x2 is also negligible).
If we further apply the same procedure as in Ap-
pendix I, and again assume the simple exponential dis-
tribution 2Le
−2 z1−z0L of the scattering centers, we obtain:
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dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2 + χ
( 4x(1−x)EL )
2 + ((k− q1)2 + χ)2
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
k2 + χ
( 4x(1−x)EL )
2 + (k2 + χ)2
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
(k2 + χ)2
)}
, (J14)
which is symmetric to the exchange of p and k gluons, and which for mg → 0 coincides with Eq. (I12). Also:
dE(1)
dx
=
C2(G)αs
pi
L
λ
E
(1− x+ x2)2
1− x
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2 + χ
( 4x(1−x)EL )
2 + ((k− q1)2 + χ)2
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
k2 + χ
( 4x(1−x)EL )
2 + (k2 + χ)2
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
(k2 + χ)2
)}
, (J15)
which, in soft-gluon approximation, reduces to Eq. (84)
from [25], and which for mg → 0 coincides with our
massless beyond soft-gluon approximation expression
Eq. (I13).
Further, we display the beyond soft-gluon approxima-
tion expressions needed for numerical evaluation of the
corresponding variables. So, the number of radiated glu-
ons to the first order in opacity for gluons with effective
mass mg and for finite x reads:
N (1)g =
C2(G)αs
pi
L
λ
∫ 1
2
0
dx
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2 + χ
( 4x(1−x)EL )
2 + ((k− q1)2 + χ)2
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
k2 + χ
( 4x(1−x)EL )
2 + (k2 + χ)2
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
(k2 + χ)2
)}
. (J16)
Similarly, the fractional radiative energy loss is given by:
∆E(1)
E
=
C2(G)αs
pi
L
λ
∫ 1
2
0
dx
(1− x+ x2)2
1− x
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{ (k− q1)2 + χ
( 4x(1−x)EL )
2 + ((k− q1)2 + χ)2
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
k2 + χ
( 4x(1−x)EL )
2 + (k2 + χ)2
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
(k2 + χ)2
)}
. (J17)
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Appendix K: Uniform distribution of static
scattering centers
In this section we assess how the choice of distribution
of longitudinal distance between the gluon-jet production
site and target rescattering site affects our results and
conclusions. To this end, we here concentrate on the limit
opposite to the exponential one (which mimics rapidly
evolving medium, and which was used throughout this
paper)− the uniform distribution, as was done in [15, 16].
Thus, similarly to the procedure in Appendix I, after in-
corporating Eq. (I9) in Eq. (I6), then substituting the
obtained expression in Eq. (I1) (also keeping in mind
that ~p is 3D momentum of a final jet, and that we need
to apply Eqs. (C14) and (C15), we obtain the follow-
ing expression for single gluon radiation spectrum in the
limit of uniformly distributed static scattering centers for
massless gluons:
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{(
1−
sin
( (k−q1)2
2x(1−x)EL
)
(k−q1)2
2x(1−x)EL
) 1
(k− q1)2
(
2− k · (k− q1)
k2
− (k− q1) · (k− xq1)
(k− xq1)2
)
+
(
1−
sin
(
k2
2x(1−x)EL
)
k2
2x(1−x)EL
) 1
k2
(
1− k · (k− xq1)
(k− xq1)2
)
+
( 1
(k− xq1)2 −
1
k2
)}
, (K1)
which is also symmetric to the exchange of radiated and
final gluons, while the differential radiative energy loss
for massless gluons in the case of the uniform distribution
acquires the form:
dE(1)
dx
=
C2(G)αs
pi
L
λ
E
(1− x+ x2)2
(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{(
1−
sin
( (k−q1)2
2x(1−x)EL
)
(k−q1)2
2x(1−x)EL
) 1
(k− q1)2
(
2− k · (k− q1)
k2
− (k− q1) · (k− xq1)
(k− xq1)2
)
+
(
1−
sin
(
k2
2x(1−x)EL
)
k2
2x(1−x)EL
) 1
k2
(
1− k · (k− xq1)
(k− xq1)2
)
+
( 1
(k− xq1)2 −
1
k2
)}
. (K2)
Note that L dependence in the case of uniform distribu-
tion of
dN(1)g
dx and
dE(1)
dx (given by Eqs. (K1) and (K2))
is quite distinct to the one in the case of exponential
distribution (given by Eqs. (I12) and (I13)).
Proceeding in the same manner as in Appendix J, the
single gluon radiation spectrum and differential radiative
energy loss for gluon-jet embedded in a finite temperature
QCD medium, i.e. for gluon with effective mass mg [27],
in the case of uniformly distributed scattering centers
read:
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FIG. 13: The counterpart of Fig. 1, when uniform longitudinal distance distribution is considered. The effect of relaxing
the soft-gluon approximation on integrated variables to the 1st order in opacity of DGLV formalism, as a function of p⊥.
(a) Comparison of gluon’s fractional radiative energy loss in bsg (the solid curve) with sg (the dashed curve) case. (b) The
percentage change of the radiative energy loss when the soft-gluon approximation is relaxed with respect to the sg case. (c)
Comparison of number of radiated gluons in bsg (the solid curve) with sg (the dashed curve) case. (d) The relative change of
radiated gluon number when the soft-gluon approximation is relaxed with respect to the sg case.
dN
(1)
g
dx
=
C2(G)αs
pi
L
λ
(1− x+ x2)2
x(1− x)
∫
d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{(
1−
sin
( (k−q1)2+χ
2x(1−x)E L
)
(k−q1)2+χ
2x(1−x)E L
) 1
(k− q1)2 + χ
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
k2 + χ
− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
+
(
1−
sin
(
k2+χ
2x(1−x)EL
)
k2+χ
2x(1−x)EL
) 1
k2 + χ
( k2
k2 + χ
− k · (k− xq1)
(k− xq1)2 + χ
)
+
( (k− xq1)2
((k− xq1)2 + χ)2 −
k2
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)}
(K3)
and
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FIG. 14: The counterpart of Fig. 2, when uniform longitudinal distance distribution is considered. The effect of relaxing
the soft-gluon approximation on differential variables to the 1st order in opacity of DGLV formalism, as a function of x. The
comparison of (1/E) × (dE(1)/dx) and dN (1)g /dx between bsg (the solid curve) and sg (the dashed curve) case, for different
values of initial jet p⊥ (5 GeV, 10 GeV, 50 GeV, as indicated in panels) is shown in the first ((a), (d) and (g)) and second ((b),
(e) and (h)) column, respectively. The quantification of the effect on the single gluon radiation spectrum and its expression in
percentage is shown in (c), (f) and (i).
dE(1)
dx
=
C2(G)αs
pi
L
λ
E
(1− x+ x2)2
(1− x)
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d2q1
pi
µ2
(q21 + µ
2)2
∫
dk2
×
{(
1−
sin
( (k−q1)2+χ
2x(1−x)E L
)
(k−q1)2+χ
2x(1−x)E L
) 1
(k− q1)2 + χ
(
2
(k− q1)2
(k− q1)2 + χ −
k · (k− q1)
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− (k− q1) · (k− xq1)
(k− xq1)2 + χ
)
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(
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sin
(
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2x(1−x)EL
)
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) 1
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( k2
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− k · (k− xq1)
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)
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. (K4)
Note that Eq. (K3) is also symmetric to the exchange of radiated and final gluons, and in massless case reproduces
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FIG. 15: The counterpart of Fig. 4, when uniform longitudinal distance distribution is considered. The effect of relaxing the
soft-gluon approximation on gluon RAA as a function of final p⊥. (a) Comparison of gluon-jet RAA between bsg (the solid
curve) and sg (the dashed curve) case. (b) The quantification of the effect and its expression in percentage.
Eq. (K1), whereas Eq. (K4) for mg → 0 coincides with
our massless beyond soft-gluon approximation expression
Eq. (K2). Again, by comparing analytical expressions
given by Eqs. (K3) and (K4) with Eqs. (J14) and (J15)
we observe significantly different L dependence in these
two opposite cases of longitudinal distance distribution.
Finally, the number of radiated gluons and fractional
radiative energy loss to the first order in opacity and be-
yond the soft-gluon approximation for gluons with effec-
tive mass mg in the limit of uniform longitudinal distance
distribution, respectively, read:
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∫ 1
2
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dx
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x(1− x)
∫
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∫
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)
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2
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)
+
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)
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( k2
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)
+
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(K5)
and
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)
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+
(
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(
k2+χ
2x(1−x)EL
)
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) 1
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Note that Eq. (K6) in the soft-gluon limit reduces to Eq. (2.13) from [16] (or equivalently, to static case of
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FIG. 16: The two scenarios of relevant x region for the importance of the soft-gluon approximation. The effect of relaxing the
soft-gluon approximation on RAA as a function of p⊥. The suppression of gluon jet beyond soft-gluon approximation (the solid
curve) is compared to the combined RAA (the dot-dashed curve), obtained from 1. bsg expression for x ≤ 0.4 combined with sg
expression for x > 0.4 in (a) (2. bsg expression for x ≤ 0.3 combined with sg expression for x > 0.3 in (c)). The quantification
of the effect and its expression in percentage for these two scenarios is presented in (b) and (d), respectively.
Eq. (1) from [15]) for gluons, where likewise the uniform
distribution was used.
The above obtained notably different expressions for
uniform (compared to the exponential distribution of
static scattering centers) require assessing how sensitive
are our conclusions on the importance of the soft-gluon
approximation to the considered distribution. Therefore,
in this section we also use uniform distribution case and
display the effect of finite x on the numerical predictions
for the same variables as in section VI.
By comparing Figs. 13, 14 and 15 with the correspond-
ing figures from section VI (i.e. Figs. 1, 2 and 4) we infer
that the results obtained in this section are quite sim-
ilar to the ones obtained with exponential distribution
in section VI. From this, it follows that our conclusions
with respect to the importance of soft-gluon approxima-
tion, presented in sections III to VII, are robust to the
presumed longitudinal distance distribution. Note that
curves form this section are less smooth compared to the
one from section VI, due to oscillating sine functions
in the corresponding analytical expressions (Eqs. (K3)
to (K6)).
Appendix L: Relevant region for the importance of
the soft-gluon approximation
Based on the reasoning outlined in section VI (see
Fig. 5 and the corresponding intuitive explanation), we
marked x . 0.4 as the relevant region for the importance
of the soft-gluon approximation; in this section we study
this issue in more detail. We first note that claiming that
certain region is not relevant for relaxing the soft-gluon
approximation does not mean that this whole region can
be rejected, but that beyond soft-gluon expression does
not have to be applied in that region. Therefore, for reli-
able suppression predictions, one has to take into account
the entire x region, while in the following lines we address
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the necessity of relaxing the soft-gluon approximation in
a certain region.
To address this goal, we first note that Figs. 2 and 3
highlight both: I) more ”conservative” x ≈ 0.4 and II)
x ≈ 0.3 value as the upper limit of the relevant region.
Thus, in the further text, we want to address which of
the following two points is better to define as a border
point of the relevant region for differentiating between
bsg and sg RAA predictions. Thus, in Fig. 16 we compare
suppressions obtained from bsg expression for the entire
x ≤ 0.5 region, first with 1. results obtained from bsg
expression for x ≤ 0.4 combined with sg expression for
x > 0.4 (Figs. 16 (a) and (b)); and then with 2. results
obtained from bsg expression for x ≤ 0.3 combined with
sg expression for x > 0.3 (Figs. 16 (c) and (d)).
From Fig. 16 we observe that both x = 0.3 and x = 0.4
can be defined as a border point for the importance of
the soft-gluon approximation. However, based on the
fact that difference between bsg and combined RAA for
case 1. is smaller than for case 2., and that taking into
account 0.3 < x ≤ 0.4 region balances negative and pos-
itive
dN(1)g
dx contributions of relaxing the soft-gluon ap-
proximation (see e.g. Fig. 3), it is safer to claim that
more ”conservative” region x . 0.4 (I)) is the relevant
one.
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